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EYAL MARKMAN 

Abstract. We survey recent results about the Torelli question for holomorphic-symplectic 
varieties. Following are the main topics. A Hodge theoretic Torelli theorem. A study of 
the subgroup Wexc, of the isometry group of the weight 2 Hodge structure, generated 
by reflection with respect to exceptional divisors. A description of the birational Kahler 
cone as a fundamental domain for the Wexc action on the positive cone. A proof of a 
weak version of Morrison's movable cone conjecture. A description of the moduli spaces 
of polarized holomorphic symplectic varieties as monodromy quotients of period domains 
of type IV. 
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1. Introduction 

An irreducible holomorphic symplectic manifold is a simply connected compact Kahler 
manifold such that H^{X, 0^) is one-dimensional, spanned by an everywhere non-degenerate 
holomorphic 2-form [Belj . There exists a unique non-degenerate symmetric integral and 
primitive bilinear pairing (•,•) on Z) of signature (3, 62(^) — 3), with the following 

property. There exists a positive rational number Ax, such that the equality 

(a, a)" = Xx [ a^" 
Jx 

holds for all a £ H^{X,Z), where 2n = dimc(X) If 62 (X) = 6, then we requirqj 

further that (q, a) > 0, for every Kahler class a. The pairing is called the Beauville- 
Bogomolov pairing and {a, a) is called the Beauville-Bogomolov degree of the class a. 
Let S be a K?, surface. Then the Hilbert scheme (or Douady space, in the Kahler 

case 

^N, of length n zero-dimensional subschemes of S, is an irreducible holomorphic 
symplectic manifold. If n > 2, then 62 (S"'"]) = 23 |Bel| . If X is deformation equivalent to 
we will say that X is of K'i'^'^^-type. 
Let r be a complex torus with an origin G T. Denote by T^"^ the n-th symmetric 
product. Let T*^") — )• T be the addition morphism. The composite morphism 

is an isotrivial fibration. Each fiber is a 2n-dimensional irreducible holomorphic symplectic 
manifold, called a generalized Kummer variety, and denoted by i^["](T) |Bel| . If n > 2, 
then 62 (i^["l(r)) = 7. 

O'Grady constructed two additional irreducible holomorphic symplectic manifolds, a 10- 
dimensional example X with 62 (X) = 24, and a 6-dimensional example Y with 62 (^) = 8 

[cra2l[(rG3l lR]. 

We recommend Huybrechts' excellent survey of the subject of irreducible holomorphic 
symplectic manifolds |Hu3] . The aim of this note is to survey developments related to 
the Torelli problem, obtained by various authors since Huybrechts' survey was written. 
The most important, undoubtedly, is Verbitsky's proof of his version of the Global Torelli 
Theorem |Ver2t IHu6j . 

1.1. Torelli Theorems. We hope to convince the reader that the concepts of monodromy 
and parallel-transport operators are essential for any discussion of the Torelli problem. 

Definition 1.1. Let X, Xi, and X2 be irreducible holomorphic symplectic manifolds. 
(1) An isomorphism / : H*{Xi,'L) — )• H*{X2,1i) is said to be a parallel-transport 
operator, if there exist a smooth and proper familj0 'k : X ^ B oi irreducible 
holomorphic symplectic manifolds, over an analytic base B, points hi € B, isomor- 
phisms ipi : Xi ^ Xfy., i = 1,2, and a continuous path 7 : [0,1] — t- B, satisfying 
7(0) = 61, 7(1) = b2, such that the parallel transport in the local system Rtt^Z 



The condition is satisfied automatically by the assumption that the signature is (3, 62 (-f) —3), if 62 7^ 6. 
'Note that the family may depend on the isomorphism /. 



A SURVEY OF TORELLI AND MONODROMY RESULTS 



3 



along 7 induces the homomorphism 'i/'2* ° f ° ip* '■ H*{Xi)^,'L) — t- H*(Xj,^,7j). An 
isomorphism g : H^{Xi,Z,) — )• H^{X2,'L) is said to be a parallel-transport operator, 
if it is the k-ih graded summand of a parallel-transport operator / as above. 

(2) An automorphism / : H*[X,'L) — )• H*{X,'L) is said to be a monodromy operator, 
if it is a parallel transport operator. 

(3) The monodromy group Mon{X) is the subgrou p0 of GL[H*{X,Z)\ consisting of 
all monodromy operators. We denote by Mon^(X) the image of Mon{X) in 
0[H^{X, Z)]. 

(4) Let Hi be an ample line bundle on Xi, i = 1,2. An isomorphism / : H'^{Xi,Z) — )• 
H'^{X2,1i) is said to be a polarized parallel-transport operator from {Xi,Hi) to 
{X2,H2), if there exists a family tt : X ^ B, satisfying all the properties of part 
([I]), as well as a flat section h of R^n^Z, such that h{bi) = '4^i^{ci{Hi)), i = 1,2, 
and h{b) is an ample class in H^'^{Xh,7j), for all b ^ B. 

(5) Given an ample line bundle H on X, we denote by Mon{X,H) the subgroup of 
Mon{X), consisting of polarized parallel transport operators from {X,H) to itself. 
Elements of Mon{X, H) will be called polarized monodromy operators of {X,H). 

Following is a necessary condition for an isometry g : H'^{X,Z) — t- H'^{Y,Z) to be a 
parallel transport operator. Denote by Cx C H'^{X,'R) the cone 

{a G H'^{X,R) : {a, a) > 0}. 

Then H'^{Cx,Z) ^ Z and it comes with a canonical generator, which we call the orientation 
class of Cx (section H|). Any isometry g : H'^{X,Z) — )• H'^{Y,Z) induces an isomorphism 
g : Cx — 7" Cy- The isometry is said to be orientation preserving if g is. A parallel 
transport operator g : H'^(X,Z) — )• H'^(Y,Z) is orientation preserving. When X and y are 
K3 surfaces, every orientation preserving isometry is a parallel transport operator. This 
is no longer the case for higher dimensional irreducible holomorphic symplectic varieties 
|Ma51lNam2| . A necessary and sufficient criterion for an isometry to be a parallel transport 
operator is provided in the i^3["'l-type case, for all n > 1 (Theorem 19. Sp . 

A marked pair {X, rf) consists of an irreducible holomorphic symplectic manifold X and 
an isometry rj : H'^{X,Z) — )• A onto a fixed lattice A. Let 971^ be a connected component 
of the moduli space of isomorphism classes of marked pairs (see section [2]) . There exists a 
surjective period map Pq : SOT^ — )• Q,a onto a period domain ( [Hulj . Theorem 8.1). Each 
point p S determines a weight 2 Hodge structure on A (g)^ C, such that the marking 
r] is an isomorphism of Hodge structures. The positive cone Cx of X is the connected 
component of the cone {a £ H^'^{X,'R) : [a, a) > 0}, containing the Kahler cone ICx- 
Following is a concise version of the Global Torelli Theorem ( |Ver2| . or Theorem 12 . 21 below) . 

Theorem 1.2. If PQ{X,r]) = PQ{X,fj), then X and X are bimeromorphic. A pair {X,ri) 
is the unique point in a fiber of Pq, if and only if ICx = Cx- This is the case, for example, if 
the sublattice H^'^{X,Z) is trivial, or of rank 1, generated by an element X, with (A, A) > 0. 

The following theorem combines the Global Torelli Theorem with results on the Kahler 
cone of irreducible holomorphic symplectic manifolds |Hu2l IBoulj . 

''if / € A'Ion{X) is associated to a family tt' : A"' — >■ B' via an isomorphism X = A"^/, and g € Mon{X) is 
associated to a family vr" : X" — >■ B" via an isomorphism X = X^'„ , then fg is easily seen to be associated 
to the family n : X B, obtained by "gluing" X' and X" via the isomorphism Xl^, ^ X ^ Xy, and 
connecting B' and B" at the points h' and b" to form the (reducible) base B. 
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Theorem 1.3. (A Hodge theoretic Torelli theorem) Let X andY be irreducible holomorphic 
symplectic manifolds, which are deformation equivalent. 

(1) X andY are bimeromorphic, if and only if there exists a parallel transport operator 
f : H'^{X,Z) —7- H'^{Y,Z), which is an isomorphism of integral Hodge structures. 

(2) Let f : H'^{X,1,) — )• H'^{Y,Z) be a parallel transport operator, which is an isomor- 
phism of integral Hodge structures. There exists an isomorphism f : X ^ Y, such 
that f = ftf, if and only if f maps some Kdhler class on X to a Kdhler class on Y . 

The theorem is proven in section 13.21 It generahzes the Strong Torehi Theorem of Burns 
and Rapoport [BRJ or ( [LP] . Theorem 9.1). 

Given a bimeromorphic map / : X — )■ y, of irreducible holomorphic symplectic mani- 
folds, denote by /* : Z) — )• H'^{Y,'L) the homomorphism induced by the closure in 
X X y of the graph of /. The homomorphism /* is known to be an isometry ( |0'G1] . 
Proposition 1.6.2). Set /* := (/"^)*. 

The birational Kdhler cone BfCx of X is the union of the cones /*/Cy, as / ranges 
through all bimeromorphic maps from X to irreducible holomorphic symplectic manifolds 
y. Let Mon'\j^g{X) be the subgroup of Mon'^{X) preserving the Hodge structure. Results 
of Boucksom and Huybrechts, on the Kiihler and birational Kahler cones, are surveyed in 
section m We use them to define a chamber decomposition of the positive cone Cx, via 
Mon'jjj^g(X) -translates of cones of the form /*/Cy (Lemma 15. lip . These chambers are said 
to be of Kdhler type. 

Let 9Jt^ be a connected component of the moduli space of marked pairs. A detailed form 
of the Torelli theorem provides a description of as a moduli space of Hodge theoretic 
data as follows. A point p G Qa determines a Hodge structure on A, and so a real subspace 
A^'^{p, R) in A(8)2R, such that a marking rj restricts to an isometry H^'^{X, M) — )• A^'^(p, M), 
for every pair {X,r]) in the fiber Pq^{p). 

Theorem 1.4. (Theorem \ 5.16\) The map {X,r]) i— )• rj{]Cx) establishes a one-to-one cor- 
respondence between points {X,r]) in the fiber Pq^{p) and chambers in the Kdhler type 
chamber decomposition of the positive cone in A^'^{p,M.). 

1.2. The fundamental exceptional chamber. The next few results are easier to un- 
derstand when compared to the following basic fact about K3 surfaces. Let S be a K3 
surface and kq a Kahler class on S. The effective cone in H^'^{S, Z) is spanned by classes 
a, such that (0,0) > -2, and (a,Ko) > ((BHPV], Ch. VIII Proposition 3.6). Se10 

Spe := {e£H^'^{S,Z) : (kq, e) > 0, and (e, e) = -2}, 

Vex := {[C] G H^'^{S,7j) : C C S is a smooth connected rational curve}. 

Clearly, Vex is contained in Spe. Then the Kahler cone admits the following two charac- 
terizations ( [BHPVj . Ch. VIII Proposition 3.7 and Corollary 3.8). 

(1.1) fCs = {k £ Cs ■ (k, e) > 0, for all e € 5pe}. 

(1.2) )Cs = {neCs ■■ {K,e) > 0, for all e eVex}. 

Equality (jl.ip is the simpler one, depending only on the Hodge structure and the inter- 
section pairing. Equality (jl.2p expresses the fact that a class e S Spe represents a smooth 
rational curve, if and only if /C5 H e"*" is a co-dimension one face of the closure of ICs in C5. 



Vex stands for prime exceptional classes, and Spe stands for stably prime exceptional classes, as will 
be explained below. 
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Let X be a projective irreducible holomorphic symplectic manifold. A prime excep- 
tional divisor on X is a reduced and irreducible effective divisor E of negative Beauville- 
Bogomolov degree. The fundamental exceptional chamber of the positive cone is the set 

(1.3) J^Sx '■= {a G Cx '■ (a, [E]) > 0, for every prime exceptional divisor E}. 

When X is a K3 surface, a prime exceptional divisor is simply a smooth rational curve. 
Furthermore, the cones ICx, SICx, and J^Sx are equal. If dim{X) > 2, the cone BICx need 
not be convex. The following is thus a generalization of equality ()1.2p in the K3 surface 
case. 

Theorem 1.5. (Theorem \ 6.17\ and Proposition \ 5.6\) TEx is an open cone, which is the 
interior of a closed generalized convex polyhedron in Cx ( Definition \6.13\) . The birational 
Kdhler cone BICx is a dense open subset of TEx ■ 

Let be a prime exceptional divisor on a projective irreducible holomorphic symplectic 
manifold X. In section [6] we recall that the reflection 

Re ■■ H^{X,Z) H'^{X,Z), 

given by REia) := a — j^^^^[E], is an element of Mon'j^^g{X) ( |Ma7j . Corollary 3.6, or 

Proposition 16.21 below). Let WExd^) C Mon'j^^g{X) be the subgroup generatecfl by the 
reflections Re, oi all prime exceptional divisors in X. In section E3] we prove the following 
analogue of a well known result for K3 surfaces ( |BHPVj . Ch. VIII, Proposition 3.9). 

Theorem 1.6. Wexc{X) is a normal subgroup of Mon'jj^g{X). Let Xi and X2 be projective 
irreducible holomorphic symplectic manifolds and f : H'^{Xi,7j) — )■ iJ^(X2,Z) a parallel- 
transport operator, which preserves the weight 2 Hodge structure. Then there exists a 
unique element w G Wexc{X2) oind a birational map g : Xi — )■ X2, such that f = w o g^. 
The map g is determined uniquely, up to composition with an automorphism of Xi, which 
acts trivially on H'^{Xi,'L). 

Let us emphasis the special case Xi = X2 = X of the theorem. Denote by Mon\^^.{X) C 
0[i7^(X, Z)] the subgroup of isometrics induced by birational maps from X to itself. Then 
Mon\^g{X) is the semi-direct product of Wexc{X) and Mon\^^{X), by Theorem 16.181 
part [5j Theorem 11.61 is proven in section WM The proof relies on a second Mon'jj^g{X)- 
equivariant chamber decomposition of the positive cone Cx- We call these the exceptional 
chambers (Definition IS.lOp . Wexc{X) acts simply-transitively on the set of exceptional 
chambers, one of which is the fundamental exceptional chamber. The walls of a general 
exceptional chamber are hyperplanes orthogonal to classes of stably prime-exceptional line 
bundles. The latter are higher-dimensional analogues of effective line bundles of degree —2 
on a K3 surface. Roughly, a line bundle L on X is stably prime-exceptional, if a generic 
small deformation {X',L') of {X,L) satisfies L' = Ox'{E'), for a prime exceptional divisor 
E' on X' (Definition [631). 

Let X be a projective irreducible holomorphic symplectic manifold. Denote by Bir(X) 
the group of birational self-maps of X. The intersection of J-£x with the subspace 
H^''^{X,'L) M is equal to the interior of the movable cone of X (Definition 16.211 and 
Lemma l6.22p . We prove a weak version of Morrison's movable cone conjecture, about the 
existence of a rational convex polyhedron, which is a fundamental domain for the action 



'Definition 16.81 of Wexc is different. The two definitions will be shown to be equivalent in Theorem 16. 181 
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of Bir(X) on the movable cone (Theorem 16. 25 p . We use it to prove the following result. 
When X is a K3 surface, Bir(X) = Aut{X). Hence the following is an analogue of a result 
of Looijenga and Sterk ([St], Proposition 2.6). 

Theorem 1.7. For every integer d 0, the number of Bir{X)- orbits of complete linear 
systems, which contain an irreducible divisor of Beauville-Bogomolov degree d, is finite. 
For every positive integer k there is only a finite number of Bir{X)-orbits of complete 
linear systems, which contain some irreducible divisor D of Beauville-Bogomolov degree 
zero, such that the class [D] is k times a primitive class in H'^(X,Z). 

Theorem 11.71 is proven in section 16.51 The proof follows an argument of Looijenga 
and Sterk, adapted via an analogy between results on the ample cone of a projective K3 
surface and results on the movable cone of a projective irreducible holomorphic symplectic 
manifold. 

The following is an analogue of the characterization of the Kahler cone of a K3 surface 
given in equation (II. ID . 

Proposition 1.8. ( Proposition \6.lU\} The fundamental exceptional chamber J^£x , defined 
in equation il.3\) . is equal to the set 

{a £ Cx ■ (a,^) > 0, for every stably prime exceptional class £}. 

The significance of Proposition 11.81 stems from the fact that one has an explicit char- 
acterization of the set of stably prime-exceptional classes, in terms of the weight 2 Hodge 
structure and a certain discrete monodromy invariant, at least in the iTS'^^-type case (Theo- 
rem [OTTT]). Theorem 11.51 and Proposition 11.81 thus yield an explicit description of the closure 
of the birational Kahler cone and of the movable cone. 

1.3. Torelli and monodromy in the polarized case. In sections [7] and [8] we consider 
Torelli-type results for polarized irreducible holomorphic symplectic manifolds. Another 
corollary of the Global Torelli Theorem is the following. 

Proposition 1.9. Mon'^{X, H) is equal to the stabilizer of ci{H) in Mon'^{X). 
The above proposition is proven in section [7] (see Corollary [73]) . 

Coarse moduli spaces of polarized projective irreducible holomorphic symplectic mani- 
folds were constructed by Viehweg as quasi-projective varieties [Vieh] . Given a polarized 
pair [X, H) representing a point in such a coarse moduli space V, the monodromy group 
r := Mon^{X,H) is an arithmetic group, which acts on a period domain V associated to 
V. The quotient P/F is a quasi-projective variety [BBj . The following Theorem is a slight 
sharpening of Corollary 1.24 in |Ver2| . 

Theorem 1.10. (Theorem \8.4^ The period map V — t- T) /T embeds each irreducible com- 
ponent V, of the coarse moduli space of polarized irreducible holomorphic symplectic man- 
ifolds, as a Zariski open subset of the quasi-projective monodromy- quotient of the corre- 
sponding period domain. 

The above theorem provides a bridge between the powerful theory of modular forms, 
used to study the quotient spaces V /T, and the theory of projective holomorphic symplectic 
varieties. The interested reader is referred to the excellent recent survey [GHS2| for further 
reading on this topic. 
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1.4. The K3^"^-type. In section [9] we specialize to the case of varieties X of XS'^'-type 
and review the results of \Ma2\ \Ma5\ IMa7j . We introduce a Hodge theoretic Torelli data, 
consisting of the weight 2 Hodge structure of X and a certain discrete monodromy invariant 
(Coroharv 19. 5p . We provide explicit computations, for many of the concepts introduced 
above, in terms of this Torelh data. We enumerate the connected components of the 
moduli space of marked pairs of /CS'"! -deformation type (Corollary ID.lOh . We determine 
the monodromy group Mon^(X), as well as a necessary and sufficient condition for an 
isometry g : H'^{X,7j) — )• Z) to be a parallel transport operator (Theorems 19.11 and 

19. 8p . We provide a numerical characterization of the set of stably prime-exceptional line 
bundles on X (Theorem I9.17p . The latter, combined with the general Theorem 11.51 and 
Proposition 11.81 determines the closure of the birational Kahler cone of X in terms of its 
Torelli data. 

In section [10] we list a few open problems. 

Acknowledgements: I would like thank Klaus Hulek for encouraging me to write 
this survey, and for many insightful discussions and suggestions. This note was greatly 
influenced by numerous conversations with Daniel Huybrechts and by his foundational 
written work. Significant improvements to an earlier version of this survey are due to 
Daniel's detailed comments and suggestions, for which I am most grateful. The note is the 
outcome of an extensive correspondence with Misha Verbitsky regarding his fundamental 
paper |Ver2| . I am most grateful for his patience and for his numerous detailed answers. 
Artie Prendergast-Smith kindly sent helpful comments to an earlier version of section 16. 5^ 
for which I am grateful. I would like to thank the two referees for their careful reading and 
their insightful comments. 

2. The Global Torelli Theorem 

Fix a positive integer 62 > 3 and an even lattice A of signature (8,62 — 3). Let X 
be an irreducible holomorphic symplectic manifold, such that H'^{X,Z), endowed with its 
Beauville-Bogomolov pairing, is isometric to A. A marking for A is a choice of an isometry 
T] : //^(A, Z) — )• A. Two marked pairs (Ai,r/i), (A2,r/2) are isomorphic, if there exists an 
isomorphism / : Ai — )• A2, such that r/i o /* = r]2- There exists a coarse moduli space 
9JtA parametrizing isomorphism classes of marked pairs [Hul] . 9JIa is a smooth complex 
manifold of dimension b2 — 2, but it is non-Hausdorff. 

The period, of the marked pair (A, rj), is the line r][H'^'^ (X)] considered as a point in the 
projective space P[A 0z C]. The period lies in the period domain 

(2.1) := {p : {p,p)=0 and {p,p) > 0}. 

is an open subset, in the classical topology, of the quadric in P[A (8) C] of isotropic lines 
|Bel| . The period map 

(2.2) p : ^ J7a, 

(A, 77) ^ V[H'''{X)] 

is a local isomorphism, by the Local Torelli Theorem |Bel] . 

Given a point p £ Qa, set A^'^(p) := {A e A : (A,p) = 0}. Note that A^'^{p) 
is a sublattice of A and A^'^(p) = (0), if p does not belong to the countable union of 
hyperplane sections U;i,gA\{o}[-^^'^^A]- Given a marked pair (A, r]), we get the isomorphism 
ffi'i(A,Z) ^ Ai'i(P(A,r7)), via the restriction of r/. 



8 



EYAL MARKMAN 



Definition 2.1. Let X be an irreducible holomorphic symplectic manifold. The cone 
{a G M) : (a, a) > 0} has two connected components. The positive cone Cx is 

the connected component containing the Kahler cone KLx- 

Two points X and y of a topological space M are inseparable, if every pair of open subsets 
[/, V , with X £ U and y £ V, have a non-empty intersection U OV. A point x S M is 
a Hausdorff point, if there does not exist any point y G [M \ {x}], such that x and y are 
inseparable. 

Theorem 2.2. (^T/ie Global Torelli Theorem) Fix a connected component lUlJ^ o/SOTa- 

(1) ( ^Hulj . Theorem 8.1) The period map P restricts to a surjective holomorphic map 

(2) ( ]Ver2| . Theorem 1.16) The fiber P^"^ {p) consists of pairwise inseparable points, for 
all p G Oa- 

(3) ( ]Hul] . Theorem 4-3) Let (Xi,r/i) and {X2,rj2) be two inseparable points of 
Then Xi and X2 are bimeromorphic. 

(4) The marked pair {X, rf) is a Hausdorff point of OJTa , if oind only if Cx = A^x • 

(5) The fiber Pf^'^{p), p € Oa, consists of a single Hausdorff point, if A^'^{p) is trivial, 
or if A^'^{p) is of rank 1, generated by a class a satisfying {a, a) > 0. 

Proof. Part dH) of the theorem is due to Huybrechts and Verbitsky. See Prop osit ion 1 5 . 1 4l for 
a more general description of the fiber Pq^ [Pq{X, r])] in terms of the Kahler-type chamber 
decomposition of the positive cone Cx, and for further details about part 

Part (P: Cx = ICx, if H^''^{X,Z) is trivial, or if H^'^{X,Z) is of rank 1, generated by 
a class a of non-negative Beauville-Bogomolov degree, by ( |Hul| . Corollaries 5.7 and 7.2). 
The statement of part ([5]) now follows from part □ 

Remark 2.3. Verbitsky states part ([2]) of Theorem 12.21 for a connected component of the 
Teichmiiller space, but Theorem 1.16 in [Ver2] is a consequence of the two more general 
Theorems 4.22 and 6.14 in [Ver2j . and both the Teichmiiller space and the moduli space of 
marked pairs Tl\ satisfy the hypothesis of these theorems. A complete proof of part ([2]) 
of Theorem 12.21 can be found in Huybrechts excellent Bourbaki seminar paper |Hu6] . 

3. The Hodge theoretic Torelli Theorem 

In section [3TT] we review two theorems of Huybrechts, which relate bimeromorphic maps 
and parallel-transport operators. The Hodge theoretic Torelli Theorem 11.31 is proven in 
section 13.21 

3.1. Parallel transport operators between inseparable marked pairs. Let Xi and 

X2 be two irreducible holomorphic symplectic manifolds of dimension 2n. Denote by vTj the 
projection from Xi x X2 onto Xi, i = 1,2. Given a correspondence Z in Xi x X2, of pure 
complex co-dimension 2n + d, denote by [Z] the cohomology class Poincare dual to Z and 
by [Z]^ : H*{Xi) H*+^'^{X2) the homomorphism defined by [Z],a := tts, {7rl{a) U [Z]). 
The following are two fundamental results of Huybrechts. 

Assume that Xi and X2 are bimeromorphic. Denote the graph of a bimeromorphic map 
by Z C Xi X X2. 

Theorem 3.1. (^Hu2] , Corollary 2.7) There exists an effective cycle T := Z + in 
Xi X X2, of pure dimension 2n, with the following properties. 
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(1) The correspondence [F]* : H*(Xi,Z) — )• H*{X2,Z) is a parallel-transport operator. 

(2) The image vrj(Yj) has codimension > 2 in Xi, for all j. In particular, the corre- 
spondences [r]=K and \Z\^ coincide on H'^{Xi,1,). 

Let (Xi,ryi), {X2,r]2) be two marked pairs corresponding to inseparable points of TIa. 

Theorem 3.2. /" [Hul] . Theorem 4-3 and its proof) There exists an effective cycle T := 
Z + Yj in Xi X X2, of pure dimension 2n, satisfying the following conditions. 

(1) Z is the graph of a bimeromorphic map from Xi to X2. 

(2) The correspondence [T]^: : H*(Xi,7j) — )• H*(X2,1j) is a parallel-transport operator. 
Furthermore, the composition 

rj^^ or]^ : H\Xi,Z) ^ H\X2,Z) 

is equal to the restriction of [T] * . 

(3) (^ [Hu2] ■ Theorem 2.5 and its proof) The codimensions ofniiYj) in Xi and ofTT2{Yj) 
in X2 are equal and positive. 

(4) If TTi(Yj) has codimension I, then it is supported by a uniruled divisor. 

The statement that the isomorphisms \r]^: in Theorems I3.1l and l3.2l are parallel transport 
operators is implicit in Huybrechts proofs, so we clarify that point next. In each of the 
proofs Huybrechts shows that there exist two smooth and proper families X ^ B and 
X' — )• B, over the same one-dimensional disk B, a point &o in B, isomorphisms Xi = 
and X2 = Xl,^, and an isomorphism / : ^Ig^^^^^^ ~^ '^|'b\{() }' "^o^P^^ible with projections 
to B. The cycle T C Xi x X2 is the fiber over 69 of the closure in X X' oi the graph 
of /. Choose a point bi in B \ {60} and let 7 be a continuous path in B from 69 to bi. 
Let gi : H*{Xbo,Z) H*{Xb^,Z) and c/2 : H*{Xl^,Z) H*{Xl^,Z) be the two parallel 
transport operators along 7. Then the isomorphism o gi : H*{Xbg,Z) — )• H*{X^^,'L) is 

induced by the correspondence [L],,,. Furthermore, o is a parallel transport operator, 
being a composition of such operators (parallet transport operators form a groupoid, by 
an argument similar to that used in footnote ^). 

The reader may wonder why the image in Xi of a component Yj of T has codimension 
> 2 in Theorem 13. 11 while the codimension is only > 1 in Theorem 13.21 The reason is that 
in the proof of Theorem 13. 21 one does not have control on the choice of the above mentioned 
families X and X' , beyond the condition that 772 o [L]* = r/i. In the proof of Theorem 13. 1^ 
given a bimeromorphic map / : Xi — )■ X2, Huybrechts constructs the above two families 
X and X' in such a way that the following two properties hold. (1) The bimeromorphic 
map / from X to X' restricts to the bimeromorphic map / between the fibers Xi and X2 
over 6o- (2) [L]* restricts to the isometry /* : H'^{Xi,'L) — )• H'^{X2,Ij) (see Theorem 2.5 in 
[Hu2j and its proof). 

3.2. Proof of the Hodge theoretic Torelli Theorem 11.31 

Proof of part [it If X and Y are bimeromorphic, then there exists a parallel-transport 
operator / : H'^{X,Z,) — )• H'^(Y,Z,), which is an isomorphism of Hodge structures, by 
Theorem 13.11 Conversely, assume that such / is given. Let rjy ■ H'^{Y,Z,) — )• A be a 
marking. Set rjx ■= rjy o /. The assumption that / is a parallel transport operator implies 
that {X,r]x) and (y, r/y) belong to the same connected component 9JT^ of ^JIa- Both have 
the same period 

P{X,rjx) = VxiH'^'iX)) = r,Yif{H'^'{X))) = vy{H'^'{Y)) = P{Y,r,Y), 



10 



EYAL MARKMAN 



where the third equality follows from the assumption that / is an isomorphism of Hodge 
structures. Hence, {X,rix) and (Y^-qy) are inseparable points of by Theorem 12.21 part 
[2j X and Y are thus bimeromorphic, by Theorem 12.21 part [3l 

Proof of part [2} Let r]x and r/y be the markings constructed in the proof of part [TJ 
Note that / = rjy^ orjx- There exists an effective correspondence T = Z ->rYliLi pure 
dimension 2nm. XxY ^ such that Z is the graph of a bimeromorphic map, Wi is irreducible, 
but not necessarily reduced, the images of the projections Wi ^ X, Wi ^ Y have positive 
co-dimensions, and [F]* : H*{X,'L) — t- H*(Y,Z) is a parallel transport operator, which is 
equal to / in degree 2, by Theorem 13.21 and the assumption that the two points {X,rix) 
and (y, r/y) are inseparable. 

Assume that a G ICx is a Kahler class, such that f{a) is a Kahler class. The relationship 
between / and T yields: 

N 

f{a) = [TUa) = [ZUa)+J2m*{a). 

i=l 

Each class [VFi]*(a) is either zero or a multiple Ci[Di] of the class of a prime divisor Di, 
where Cj is a positiv^ real number. 

We prove next that [Wi]*(a) = 0, for 1 < i < TV. Write /(q) = [Z]^{a) + EiIiC*[A], 
where Cj are all positive real numbers, and Di is either a prime divisor, or zero. Set 
D := YliLi ^i^i- We need to show that all Di are equal to zero. The Beauville-Bogomolov 
degree of a satisfies 

N 

(a, a) = (/(a), /(a)) = {[Z],a,[Z],a) + 2Y,Ci{[Z],a,[Di]) + {[Dl[D]). 

i=l 

The homomorphism [ZJ^^, induced by the graph of the bimeromorphic map, is an isometry, 
by [Q'Glj . Proposition 1.6.2 (also by the stronger Theorem 13. ip . Furthermore, if Di is non- 
zero, then Di is the strict transform of a prime divisor D[ on X, such that = [Di\. 
Set D' := YliLi CiD[. We get the equalities 

(3.1) {[DUD]) = -2(a,p']), 

(3.2) [D] = [ZUD'l 

and 

{[DI f{a)) = {[D], [ZU) + {[D], [D]) ^ {[D'],a) + {[D], [D]) ^ -(a, [D']). 

Now (a, [D'-]) is zero, if Di = 0, and positive, if Di ^ 0, since a is a Kahler class. Hence, 
the right hand side above is < 0. The left hand side is > 0, due to the assumption that 
the class f{a) is a Kahler class. Hence, D'- = 0, for all i. We conclude that [VFi]*(a) = 0, 
for 1 < i < A^, as claimed. 

The equality [Z]=K(a) = f{a) was proven above. Consequently, Z is the graph of a 
bimeromorphic map, which maps a Kahler class to a Kahler class. Hence, Z is the graph 
of an isomorphism, by a theorem of Fujiki [F]. □ 



'The coefficient d is positive since F is efTective and a is a Kahler class. 
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4. Orientation 

Let r^A be the period domain (|2.ip . Following are two examples, in which spaces arise 
with two connected components. 

(1) Fix a primitive class /i G A, with {h,h) > 0. The hyperplane section 

il^± := n h-^ 

has two connected components. 

(2) Let p e Oa- Set Ar := A (8)z M and A^'^{p,R) := {A G Ar : {X,p) = 0}. Then the 
cone Cp := {A G A^'^(p, M) : (A, A) > 0} has two connected components. 

We recall in this section that a connected component 9Jt^, of the moduli space of marked 
pairs, determines a choice of a component of fi/^x and of C^, for all h £ A, with (h, h) > 0, 
and for all p G ^a. Let us first relate the choice of one of the two components in the two 
examples above. The relation can be explained in terms of the following larger cone. Set 

Ca := {A G Am : (A, A) > 0}. 

A subspace W C Ajr is said to be positive^ if the pairing of A]r restricts to as a positive 
definite pairing. 

Lemma 4.1. (1) H'^iCj^^'L) is a free abelian group of rank 1. 

(2) Let e £ A be an element with (e, e) 7^ and Re : A^ — )• A]r the reflection given by 
i?e(A) = A — ^^6- Then acts on H'^{Ca,Z) by —1, if {e,e) > 0, and trivially 
if (e, e) < 0. 

(3) Let W be a positive three dimensional subspace of A^. Then W\{0} is a deforma- 
tion retract of C\. 

Proof. ([3]) Set / := [0,1]. We need to construct a continuous map F : Ca x / — )• Ca 
satisfying 

F(A,0) = A, forallAGCA, 

F(A,1) G VF\{0}, foraUAGCA, 

F{w, t) = w, for SiW w£W\ {0}. 

Choose a basis {ei, 62, 63, . . . , e^j} of Ajj, so that {61,62,63} is a basis of 1^, and for 
A = X^iii XiCi, we have (A, X) = + x'2 + x\ — Y1\=a ^1- Then Ca consists of A satisfying 
xl + xl + xl> Y!'U Set F (^^i, x,e,,t^ = J^Li + (1 " Eti ^i^i- Then F has 

the above properties of a deformation retract of Ca onto W \ {0}. 
Part ^ follows immediately from part ([3]). 

([2]) If (e, e) > 0, we can choose a positive 3 dimensional subspace W containing e, and 
if {e, 6) < we can choose W to be orthogonal to e. Then W \ {0} is Re invariant and Re 
acts as stated on H'^{W \ {0}, Z), hence also on H'^{C\, Z), by part □ 

The character H'^{Ca,'L) of 0(A) is known as the spinor norm. 

A point p G r^/jX determines the three dimensional positive definite subspace Wp := 
Re(p)®Im(p)©spanig{/i}, which comes with an orientation associated to the basis {Re(cr), Im((T), /i}, 
for some choice of a non-zero element a £ p C Aq. The orientation of the basis is inde- 
pendent of the choice of a. Consequently, an element p G O^^x determines a generator of 
H'^{Ca,Z). The two components of Jl/^x are distinguished by the two generators of the rank 
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1 free abelian group H'^{C\,'L). We refer to each of the two generators as an orientation 
class of the cone C\. 

A point X G C'p determines an orientation of Ca as follows. Choose a class a € p. Again 
we get the three dimensional positive definite subspace W\ := Re(p) © Im(p) © spanj^jA}, 
which comes with an orientation associated to the basis {Re(cj), Im(cr), A}. Consequently, 
A determines an orientation of Ca- The orientation remains the same as A varies in a 
connected component of Cp. Hence, a connected component of Cp determines an orientation 

of Ca. 

Let X be an irreducible holomorphic symplectic manifold. Recall that the positive 
cone Cx C M) is the distinguished connected component of the cone := {A £ 

H^'^{X,R) : (A, A) > 0}, which contains the Kahler cone (Definition 12. ip . Denote by Cx 
the positive cone in H'^{X,R). We conclude that Cx comes with a distinguished orientation. 

Let be a connected component of the moduli space of marked pairs and Pq : 9Jt^ — )• 
l^A the period map. A marked pair {X,r]) in 9Jt^ determines an orientation of Ca, via 
the isomorphism Cx — Ca induced by the marking r]. This orientation of Ca is constant 
throughout the connected component OJIa- particular, for each class /i G A, with (/i, h) > 
0, we get a choice of a connected component 

(4.1) 

of ^fi±., compatible with the orientation of Ca induced by DJl\. 

Let Orient (A) be the set of two orientations of the positive cone Ca. Let 

(4.2) orient : TIa Orient(A) 

be the natural map constructed above. 



5. A MODULAR DESCRIPTION OF EACH FIBER OF THE PERIOD MAP 

We provide a modular description of the fiber of the period map — )• Qa from a 
connected component 9Jt^ of the moduli space of marked pairs (Theorem 15. 16p . Through- 
out this section X is an irreducible holomorphic symplectic manifold, which need not be 
projective. 

5.1. Exceptional divisors. A reduced and irreducible effective divisor D C X will be 
called a prime divisor. 

Definition 5.1. (1) A set {Ei, . . . ,Er} of prime divisors is exceptional, if and only if 
its Gram matrix (([-Ei], [Ej]))^J is negative definite. 
(2) An effective divisor E is exceptional, if the support of E is an exceptional set of 
prime divisors. 

Definition 5.2. The fundamental exceptional chamber TEx is the cone of classes a, such 
that Q G Cx, and (a, \E\) > 0, for every prime exceptional divisor E. 

5.1.1. The fundamental exceptional chamber versus the birational Kahler cone. Huybrechts 
and Boucksom stated an important result (Theorem 15.41 below) in terms of another cham- 
ber, which we introduce next. 



Definition 5.3. f |Bou2) . Section 4.2.2) 
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(1) A rational effective 1-cycle C is a linear combination, with positive integral coeffi- 
cients, of irreducible rational curves on X. 

(2) A uniruled divisor D is an effective divisor each of which irreducible components 
Di is covered by rational curves. 

(3) The fundamental uniruled chamber TlAx is the subset of Cx consisting of classes 
a G Cx, such that (a, D) > 0, for every non-zero uniruled divisor D. 

(4) The birational Kdhler cone BfCx of X is the union of f*K,Y, as / ranges over all 
bimeromorphic maps / : X — )• y to an irreducible holomorphic symplectic manifold 
Y. 

Note that the birational Kahler cone is not convex in general. 

Theorem 5.4. f[Hu2] and |Bou2j . Theorem 4.3) 

(1) The Kdhler cone ICx is equal to the subset of Cx consisting of classes a G Cx, such 
that a > 0, for every non-zero rational effective 1-cycle C. 

(2) Let a G Cx be a class, such that j^a ^ 0, for every rational 1-cycle. Then a 
belongs to TlAx , if CLnd only if a belongs to the birational Kdhler cone BfCx ■ 

(3) f |Bou2] ■ Theorem 4-3 part ii, and [Hulj . Corollary 5.2) Let a G Cx be a class, which 
does not belong to TUx- Assume that J^a ^ 0, for every rational 1-cycle. Then 
there exists an irreducible holomorphic symplectic manifold Y , and a bimeromorphic 
map f : X ^ Y , such that /*(a) = (3 + D' , where (3 is a Kdhler class on Y and D' 
is a non-zero linear combination of finitely many uniruled reduced and irreducible 
divisors with positive real coefficients. 

Remark 5.5. Let X be an irreducible holomorphic symplectic manifold. Part ([2]) of the 
theorem asserts that if a class a satisfies the assumptions stated, then a is contained in 
FUx, if and only if it is contained in BK,x- The 'only if direction of part ([2]) is stated in 
([Bou2], Theorem 4.3). The 'if part is the obvious direction. Indeed, let / : X — )• y be 
a birational map, such that /*(a) is a Kahler class on Y . Let D be an effective uniruled 
reduced and irreducible divisor in X, and D' its strict transform in Y. We have ([!)],«) = 
{[D'], f^{a)) > 0. Hence, a is in the fundamental uniruled chamber. 

Let BKLx be the closure of the birational Kahler cone BKLx in Cx- 

Proposition 5.6. The following inclusions and equality hold: 

BKx C TUx = TEx C BJCx- 

Proof. An exceptional divisor is uniruled, by ( [Bou2j . Proposition 4.7). The inclusion 
TUx C TSx follows. We prove next the inclusion J^Sx C FUx- Let a be a class in T8x 
and D a prime uniruled divisor. If [D] belongs to the closure Cx of the positive cone, then 
(a, [D]) > 0, since a belongs to Cx- Otherwise, [D] is a prime exceptional divisor, and so 
(a, [D]) > 0. The inclusion F£x C FUx follows. 

The inclusion BfCx C FUx follows from the 'if direction of Theorem 15.41 part [21 and 
the inclusion F£x C BfCx follows from the 'only if direction. □ 

The notation F£x will replace FUx from now on, in view of Proposition 15. 6i A class 
a G Cx is said to be very general, if n H^^^{X, Z) = 0. 

Corollary 5.7. Let Xi and X2 be irreducible holomorphic symplectic manifolds, g : 
if^(Xi,Z) —7- i7^(X2,Z) a parallel transport operator, which is an isomorphism of Hodge 
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structures, and ai £ TEx^ ^ '^^"'"D general class. Then g{ai) belongs to TEx^^ ^/ o-'^^i only 
if there exists a himeromorphic map f : Xi — )■ X2 , such that g = f*. 

Proof. The 'if part is clear, since /* induces a bijection between the sets of exceptional 
divisors on Xi, i = 1,2. Set 02 ■= g{o(i). There exist irreducible holomorphic symplectic 
manifolds Yi and bimeromorphic maps fi : Xi ^ Yi, such that fi,{ai) is a Kahler class 
on Yi, by part ([2]) of Theorem 15.41 The homomorphisms /j, : H'^{Xi,Z) — ^ H'^{Yi,Z) are 
parallel transport operators, by Theorem[3Tl Thus if2^)*ogof* : H^{Yi,Z) H'^(Y2,Z) 
is a parallel transport operator and a Hodge-isometry, mapping the Kahler class /i,(ai) 
to the the Kahler class /2«(a2)- Hence, there exists an isomorphism /i : Yi — t- Y2, such that 
= if^^r ° 9 o /i*, by TheoremO Thus, g = [(/2)-^/i/i]*. □ 

5.1.2. The divisorial Zariski decomposition. The following fundamental result of Bouksom 
will be needed in section [6^ The effective cone of X is the cone in H^'^{X,7j) (g)^ M gen- 
erated by the classes of effective divisors. The algebraic pseudo-effective cone VeSx is the 
closure of the effective cone. Boucksom defines a larger transcendental analogue, a cone in 
H^'^{X,'R), which he calls the pseudo-effective cone ( |Bou2| . section 2.3). We will not need 
the precise definition, but only the fact that the pseudo-effective cone contains Cx ([B ou2] . 
Theorem 4.3 part (i)). The sum Cx + VeSx is thus a sub-cone of Boucksom's pseudo- 
effective cone in M). Denote by J-Sx the closure of the fundamental exceptional 
chamber in H^'^{X,R). 

Theorem 5.8. (1) /' |Bou2j . Theorem 4-3 part (i), Proposition o,nd Theorem 4-^)- 
Let X be an irreducible holomorphic symplectic manifold and a a class in Cx + 
VeSx- Then there exists a unique decomposition 

a = P{a) + N{a), 

where {P{a), N{a)) = 0, P{a) belongs to TEx, one? Nip) is an exceptional M- 
divisor. 

(2) (' |Bou2) ■ Corollary 4.11). Let L be a line bundle with ci{L) € Cx -|-'Peffx- Set 
a := ci(-L). Then the classes P{a) and N{a) correspond to Q-divisors classes, 
which we denote by P{a) and N{a) as well. Furthermore, the homomorphism 

{X,Ox{kP{a)))^H\X,L^) 

is surjective, for every non-negative integer k, such that kP[a) is an integral class. 

Remark 5.9. The class P{a) is stated as a class in the modified nef cone in ( |Bou2| . Theorem 
4.8), but the modified nef cone is equal to the closure of the birational Kahler cone, by 
( |Bou2| . Proposition 4.4), and hence also to TEx- 

Part ([2]) of the above Theorem implies that the exceptional divisor N(kci{L)) is the 
fixed part of the linear system l-L'^j. In particular, if ci(L) = N{ci{L)), then the linear 
system \L^\ is either empty, or consists of a single exceptional divisor. Exceptional divisors 
are thus rigid. 

5.2. A Kahler-type chamber decomposition of the positive cone. Let X be an irre- 
ducible holomorphic symplectic manifold. Denote the subgroup of Mon^{X) preserving the 
weight 2 Hodge structure by Mon'\j^g{X). Note that the positive cone Cx is invariant un- 
der Mon'jj^g{X), since the orientation class of Cx is invariant under the whole monodromy 
group Mon^{X) (see section 
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Definition 5.10. (1) An exceptional chamber of the positive cone Cx is a subset of 
the form g[T£x], 9 G Monj^^^iX). 
(2) A Kdhler-type chamber of the positive cone Cx is a subset of the form (7[/*(/Cy)], 
where g G Mon'jj^g{X), and / : X — )• y is a bimeromorphic map to an irreducible 
holomorphic symplectic manifold Y. 

Let Mon%-^{X) C Mon%^g{X) be the sub group of monodromy operators induced by 
bimeromorphic maps from X to itself (see Theorem 13. ip . 

Lemma 5.11. (1) Every very general class a £ Cx belongs to some Kdhler-type cham- 
ber. 

(2) Every Kdhler-type chamber is contained in some exceptional chamber. 

(3) // two Kdhler-type chambers intersect, then they are equal. 

(4) If two exceptional chambers gi[J^£x] o-nd g2[^£x] contain a common very general 
class a, then they are equal. 

(5) Mon'jj^g{X) acts transitively on the set of exceptional chambers. 

(6) The subgroup of Mon'j^^g{X) stabilizing TEx is equal to Mon'^-^{X). 

Proof. Part ([T]): There exists an irreducible holomorphic symplectic manifold X and a 
correspondence T := Z + 1^ in X x X, such that Z is the graph of a bimeromorphic 
map / : X — )■ X, the restriction g : i7^(X, Z) — )• H'^{X,Zi) of [r]^, is a parallel transport 
operator, and g{a) is a Kahler class of X, by ( |Hul] . Corollary 5.2). Set h := f* o g. Then 
h belongs to Mon'jj^g{X), by Theorem 13. 11 h{a) = {f* og)[a) belongs to f*K,^, and f*K,^ 
is a Kahler-type chamber, by Definition 15.31 Consequently, h^^[f*K,^) is a Kahler-type 
chamber containing a. 

Part ([2]): Let Ch be the Kahler-type chamber <^[/*(/Cy)], where /, g, and Y are as in 
Definition 15.101 Then f*{T£Y) = ^£x^ by Corollary [521 and so C/i is contained in the 
exceptional chamber g[J-£x]- 

Part ([3]): Let 1^ be irreducible holomorphic symplectic manifolds, : X — )• Yi bimero- 
morphic maps, gi € Mon|^^^(X), i = 1,2, and a a class in 9i[/i (/Cy-^)] n 92[/2(^>2)]- The 
composition i;^ := /2, o g:^^ o gi o fl ■ H'^{Yi,Z) H'^{Y2,Ij) is a parallel-transport op- 
erator, which maps the Kahler class /i,(5f^(a)) to the Kahler class /2, (^^"'^(a)). Hence, 
(f) is induced by an isomorphism (/> : Yi — )■ ^2, by Theorem 11.31 We get the equality 
9i'92f^{ICY,) = firilCY,) = A* (/CyJ. ^Consequently, <7i[/r (^CyJ] = <72[/2*(/Cy,)]. 

Part dH): Set g := g2^gi and /3 := (a). Then /3 belongs to the intersection g[J^£x] n 
J-£x- So g~^{/3) and /3 both belong to J^<Sx and g maps the former to the latter. Hence, 
g is induced by a birational map from X to itself, by Corollarv 15.71 Thus, g[T£x] = J^£x 
and so 5i[J"<?x] = g2[J^£x]- 

Part ([5]): The action is transitive, by definition. 

Part ([6]) is an immediate consequence of Corollary 15.71 □ 

Lemma 5.12. Let Xi and X2 be irreducible holomorphic symplectic manifolds and g : 
ii"^(Xi,Z) —7- i7^(X2,Z) a parallel transport operator, which is an isomorphism of Hodge 
structures. 

(1) g maps each exceptional chamber in Cxi onto an exceptional chamber in Cx2- 

(2) g maps each Kdhler-type chamber in Cxi onto a Kdhler-type chamber in Cx2- 
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Proof. There exists a bimeromorphic map h : Xi — )• X2, by Theorem ll.3i The homomor- 
phism : H'^{Xi,Z) — )• H'^{X2,Z,) is a parallel transport operator, and an isomorphism 
of Hodge structures, by Theorem 13.11 

Part ([1]): Let / be an element of Mon^^^(Xi). We need to show that g{f[T£xi]) is an 
exceptional chamber in Cx2- Indeed, we have the equalities 

gif[T£xA) = igfh*){K[:F£xA} = {9fh*)[:F£x,], 

and gfh* belongs to Mon'jj^g{X2). 

Part ([2]): Any Kahler-type chamber of Cxi is of the form /[/i*(/Cy^)], where h : Xi — t- Yi 
is a bimeromorphic map to an irreducible holomorphic symplectic manifold Yi, and / is 
an element of Mo'n?^^g{Xi). We have the equality 



{hh ^)*(/Cyi) is a Kahler-type chamber of X2 and gfh* belongs to Mon\j^g{X2), by The- 
orem [3TTJ Thus gf[h*{}CY^y\ is a Kahler-type chamber of X2. □ 

Corollary 5.13. Let {Xi,rii), {X2,r]2) be two inseparable points in 9H^. 

(1) The composition 'r]2^°'ni tnaps each Kahler-type chamber in Cxi onto a Kahler-type 
chamber in 6x2- Similarly, ^2"^°^! "^fips each exceptional chamber in Cxi onto an 
exceptional chamber in Cx2 ■ 

(2) {rj2^ o rji){F£xi_) = J~£x2j if o-nd only if there exists a bimeromorphic map f from 
Xi to X2, such that ri2^or]i = f^,. 

Proof. The composition ri2^ orji is a parallel-transport operator, and a Hodge-isometry, by 
Theorem 13.21 part [2j Part ([T]) follows from Lemma 15.121 Part ([2]) follows from Corollary 
[Q □ 

5.3. OJTa as the moduli space of Kahler-type chambers. Consider the period map 
Pq : QJt^ — )• from the connected component SOT^ containing the isomorphism class of 
the marked pair (X, 77). Denote by ICT{X) the set of Kahler-type chambers in Cx- Let 

(5.1) p : Po'[PoiX,7^)] 1CT{X) 

be the map given by p{X,ri) = (r]~^fi){IC^). The map p is well defined, by Corollarv 15.131 
Mon]j^g{X) acts on KT{X), by Lemma (5321 

Note that each period P{X, rj) £ Q\ is invariant under the subgroup 

(5.2) Monl^g{Xf := {^r?"^ : g G AfonL<,(^)} 

of 0(A). Consequently, Mon'j^^g{X) acts on the fiber PQ^[PQ{X,r])] of the period map by 

9(^,7]) := {X,r]gr]'^ri). 

Proposition 5.14. (1) The map p is a Mon'jj^g{X)-equivariant bisection. 

(2) The marked pair {X,r]) is a Hausdorff point o/QKa, if and only if Cx = K-x- 

(3) (iHuT]. Corollaries 5.7 and 7.2) Cx = JCx, ifH^'HX,Z) is trivial, or ifH^'^{X,Z) 
is of rank 1, generated by a class a of non-negative Beauville-Bogomolov degree. 
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Proof. Part ([TJ: Assume that p{Xi,rii) = p(X2,r/2). Then 7/2 r]i{}Cxi) = K,X2- Hence, 
V-i^Vi = /*) foi" 3-11 isomorphism / : Xi — )• X2, by Theorem II .31 Thus, {Xi,rji) and (X2,r?2) 
are isomorphic, and /? is injective. 

Given a Kahler-type chamber Ch in and a very general class a in C/i, there exists 
an element g G Mon'jj^g{X), such that (7(a) belongs to -FiSx) by Lemma [5.111 part [5l 
There exists an irreducible holomorphic symplectic manifold Y and a bimeromorphic map 
h : X ^ Y, such that h^{g{a)) belongs to /Cy, by Theorem 15.41 part [2l Thus, {h^og){Ch) = 
/Cy, by Lemma [5.121 We conclude that p{Y,r] o g~^ o h*) = g~^h* {Ky) = Ch and p is 
surjective. 

Part ^ fohows from part □ 

Fix a connected component of the moduli space of marked pairs. We get the 
following modular description of the fiber Pq~^ (p) in terms of the period p. Set A^'^ (p, R) := 
{A G : (A,p) = 0}. Let Cp be the connected component, of the cone C'^ in A^'^(p, M), 

which is compatible with the orientation of the positive cone C\ determined by (see 
section H]) . 

Definition 5.15. A Kdhler-type chamber of Cp is a subset of the form r]{Ch) C Cp, where 
{X, rj) is a marked pair 9Jt^ and Ch C Cx is a Kahler-type chamber of X. 

Denote by ICT{p) the set of Kahler-type chambers in Cp. The map 

V ■■ K,T{X) ICTip), 

sending a Kahler-type chamber Ch € ICT{X) to r]{Ch), is a bijection, for every marked 
pair {X,ri) in the fiber Pq^{p), by Corollarv 15.131 and Proposition 15.141 Mon|^^^(Ar)^, 

given in equation (15. 2|) . is the same subgroup of 0(A), for all {X,rj) G Pq^{p), and we 
denote it by Morijj^ (p). The following statement is an immediate corollary of Proposition 

EM 

Theorem 5.16. The map 

p : P,-\p) KT{p), 
given by p{X,r]) := r]{lCx), is a Mon'jj^g{p)-equivariant bijection. 

Remark 5.17. Compare Theorem 15.161 with the more detailed analogue for K3 surfaces, 
which is provided in ([LPJ. Theorem 10.5). Ideally, one would like to have a description of 
the set ICT{p), depending only on the period p, the deformation type of X, and possibly 
some additional discrete monodromy invariant of X (see the invariant tx introduced in 
Corollary 19. 5p . Such a description would depend on the determination of the Kahler-type 
chambers in Cx- In particular, it requires a determination of the Kahler cone of an irre- 
ducible holomorphic symplectic variety, in terms of the Hodge structure of H'^{X,Z,), the 
Beauville-Bogomolov pairing, and the discrete monodromy invariants of X. The determi- 
nation of the Kahler cone ICx in terms of such data is a very difficult problem addressed in 
a sequence of papers of Hassett and Tschinkel |HTH [HT2| IHT3[ IHT4j . Precise conjectures 
for the determination of the Kahler cones in the i^3["'l-type, for all n, and for generalized 
Kummer fourfolds, are provided in [HT4 j , Conjectures 1.2 and 1.4. The determination of 
the birational Kahler cone, in terms of such data, is the subject of section [6l 
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6. Monjj^g{X) IS GENERATED BY REFLECTIONS AND Mon\^^.{X) 

Throughout this section X denotes a projective irreducible holomorphic symplectic man- 
ifold. Under the projectivity assumption, we can define a subgroup Wexc of the Hodge- 
monodromy group Monj^^glX), which is generated by reflections with respect to classes 
of prime exceptional divisors (Definition 16.81 and Theorem 16.181 part [3|). The fundemental 
exceptional chamber J-Ex^ introduced in Definition 15.21 is the interior of a fundamental 
domain for the action of the reflection group Wexc on the positive cone Cx- Significant 
regularity properties follow from this description of TEx (Theorem I6.17P . We prove also 
that Wexc is a normal subgroup of Mon'jj^g{X) and the latter is a semi-direct-product 
of Wexc and Mon\^^{X) (Theorem I6.18|) . A weak version of Morrison's movable cone 
conjecture follows from the above results in the special case of irreducible holomorphic 
symplectic manifolds (Theorems 11.71 and I6.25|) . 

6.1. Reflections. Let X be a projective irreducible holomorphic symplectic manifold of 
dimension 2n and E G X a prime exceptional divisor (Definition 15. ip . 

Proposition 6.1. ( ^Drj . Proposition I.4) There exists a sequence of flops of X, resulting 
in a smooth birational model X' of X, such that the strict transform E' of E in X' is 
contractible via a projective birational morphism tt : X' ^ Y onto a normal projective 
variety Y. The exceptional locus of n is equal to the support of E' . 

Identify H^{X,q)* with F2(X,Q). Set 

1^1' - mm " 

Proposition 6.2. ( [Ma7] . Corollary 3.6 part 1). 

(1) There exists a Zariski dense open subset E^ C E and a proper holomorphic fibration 
TT : E^ ^ B, onto a smooth holomorphic symplectic variety of dimension 2n — 2, 
with the following property. The class [E]"^ is the class of a generic fiber of vr. 
The generic fiber is either a smooth rational curve, or the union of two homologous 
smooth rational curves meeting at one point non-tang entially. In particular, the 
class [EY is integral, as is the reflection Re ■ H'^{X,'L) — t- H'^{X,'L), given by 
Re{x) = x + {x,[EY)[E]. 

(2) The reflection Re belongs to Mon'jj^g{X). 

Remark 6.3. (1) The proof of Proposition 16.21 relies heavily on Druel's result stated 
above in Proposition 16. li The fact that Re' belongs to Mon'jj^g{X') was proven 
earlier in ( |Ma6| . Theorem 1.4), using fundamental work of Namikawa |Naml| (see 
|Nam3 j for an alternative proof). The author does not know if the analogue of 
Proposition 16.11 holds for a non-projective irreducible holomorphic symplectic man- 
ifold X as well. This is the reason for the projectivity assumption throughout 
section [6l 

(2) The variety B in part ([T]) of the proposition is an etale cover of a Zariski open 
subset of the image of E' in Y ( |Namlj . section 1.8). 

6.2. Stably prime-exceptional line bundles. Let X be an irreducible holomorphic 
symplectic manifold. Denote by Def{X) the local Kuranishi deformation space of X and 
let £ Def{X) be the special point corresponding to X. Let L be a line bundle on X. Set 
A := H'^{X,Z). The period map P : Def{X) — t- f^A embeds Def{X) as an open analytic 
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subset of the period domain Q/^ and the intersection Def{X,L) := Def{X) n ci(L) is 
the Kuranishi deformation space of the pair (X, L), i.e., it consists of deformations of the 
complex structure of X along which ci{L) remains of type (1, 1). We assume that both 
Def{X) and the intersection Def{X,L) are simply connected, possibly after replacing 
Def{X) by a smaller open neighborhood of in the Kuranishi deformation space, which 
we denote again by Def{X). 

Let TT : A" — )• Def{X) be the universal family and denote by Xt the fiber of vr over 
t S Def{X). Denote by i the flat section of the local system i?^7r^,Z through ci(L) and 
let £t £ H^'^iXtjIi) be its value at t S Def{X,L). Let Lt be the line bundle on Xt with 
ci{Lt)=it. 

Definition 6.4. A line bundle L € Pic(X) is called stably prime- exceptional, if there 
exists a closed analytic subset Z C Def{X,L), of positive codimension, such that the 
linear system \Lt\ consists of a prime exceptional divisor Et, for all t £ [Def{X, L)\ Z]. 

Note that a stably prime-exceptional line bundle L is effective, by the semi-continuity 
theorem. Furthermore, if we set i := ci{L) and define the refiection Ri{a) := a — 2^^^i, 
then Ri belongs to Mo'n?^^g{X). 

Remark 6.5. Note that the linear system |L|, of a stably prime-exceptional line bundle L, 
may have positive dimension, if the Zariski decomposition of Theorem 15.81 is non-trivial. 
Even if \L\ consists of a single exceptional divisor, it may be reducible or non-reduced, i.e., 
the special point may belong to the closed analytic subset Z in Definition 16.41 

Proposition 6.6. Let E he a prime exceptional divisor on a projective irreducible holo- 
morphic symplectic manifold X . 

(1) f [Ma7] ■ Proposition 5.2) The line bundle Ox{E) is stably prime- exceptional. 

(2) (^ [Ma7] ■ Proposition 5.14) LetY be an irreducible holomorphic symplectic manifold 
and g : H'^{X,'Z) — )• H'^{Y,'L) a parallel-transport operator, which is an isomor- 
phism of Hodge structures. Set a := g{[E]) G H^'^lYjI^). Then either a or —a is 
the class of a stably prime- exceptional line bundle. 

Example 6.7. Let X be a K3 surface. A line bundle L is stably prime-exceptional, if and 
only if deg(-L) = —2, and (ci(L), k) > 0, for some Kahler class k on X. 

Denote by Spe C H^'^{X,7j) the subset of classes of stably prime-exceptional divisors. 

Definition 6.8. Let Wexc C Mon'j^^g{X) be the reflection subgroup generated by {R^ : 
I G Spe]. 

Note that R^ = 

Corollary 6.9. The union SpeU —Spe is a Mon'jj^g{X) -invariant subset of H^'^{X,Z). 
In particular, Wexc is a normal subgroup of Mon'jj^g{X) 

Proposition 6.10. The fundamental exceptional chamber TEx^ introduced in Definition 
\5.2\. is equal to the subset 

(6.1) {a £ Cx '■ > 0, for every I G Spe). 

Proof. Denote the exceptional chamber (j6.ip by C/iq- Then Ch^ d J-Sx-, since a prime 
exceptional divisor is stably prime-exceptional, by Proposition l6.61 Let a be a class in J- Ex, 
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d. G Spe, and d. = P{i)+N{i) its Zariski decomposition of Theorem l5.81 Then A^(^) is a non- 
zero exceptional divisor, since {£,1) < and {P{i), P{£)) > 0. Furthermore, {a,P{£)) > 0, 
since a and P{i) belong to the closure of the positive cone. Thus, (a,£) > {a,N{i)) > 0. 
We conclude that a belongs to C/iq and so T£x C C/iq- □ 

In section 19.21 we will provide a numerical determination of the set Spe, and hence of 
T£x, for X of ifsM-type. 

6.3. Hyperbolic reflection groups. Consider the vector space M""*"^, endowed with the 
quadratic form q{xo, . . . ,Xn) = Xq — We will denote the inner product space 

(M"'+^,(7) by V and denote by {v,w), v,w gV, the inner product, such that q{v) = {v,v). 
Let V := (vq, . . . , u„) be the coordinates of a vector v in V. The hyperbolic (or Lobachevsky) 
space is 

:= {v eV : q{v) = 1 and vq > 0}. 

H" has two additional descriptions. It is the set of M>o orbits (half lines) in one of the two 
connected component of the cone C'y := {v G V : q{v) > 0}. We will denote by Cy the 
chosen connected component of C'y and refer to Cy as the positive cone. also naturally 
embeds in P"(]R) as the image of Cy. A hyperplane in H" is a non-empty intersection of 
with a hyperplane in P"(M). 

The first description of above depended on the diagonal form of the quadratic form 
q. The last two descriptions of H" produce a copy of associated more generally to 
any quadratic form g(xo,...,x„) = Yll j=o^ij^i^j-> o-ij ^ of signature (l,n). We will 
consider from now on this more general set-up. 

H" admits a metric of constant curvature [VS] , Let 0^{V) be the subgroup of the isom- 
etry group of V mapping Cy to itself. Then 0^{V) acts transitively on H" via isometrics. 
The stabilizer StabQ+^y^{t), of every point t G H", is compact, since the hyperplane t-^ C V 
is negative definite. 

A subgroup r C 0^{V) is said to be a discrete group of motions o/ H"", if for each 
point t £ H", the stabilizer Stabr{t) is finite and the orbit F • t is a discrete subset of H". 
The arithmetic group 0^{V,'Z) is a discrete group of motions ( [VS] . Ch. 1, section 2.2). 
Furthermore, if a subgroup F C 0~^{V) is commensurable to a discrete group of motions, 
then F is a discrete group of motions as well ( |VSj . Ch. 1, Proposition 1.13). Given a group 
homomorphism F — )■ 0~^{V), we say that F acts on via a discrete group of motions, if 
its image F C 0^{V) is a discrete group of motions. 

Lemma 6.11. Let X be a projective irreducible holomorphic symplectic manifold. Then 
Mon'^^^g{X) acts via a discrete group of motions on the hyperbolic space Hx associated to 

V := H^'^(X,X) (8)2 M as well as on the hyperbolic space Mx associated to H^'^{X,W). 

Proof. Let p be the rank of Pic(Ar) . The Beauville-Bogomolov pairing restricts to H^'^(X, Z) 
as a non-degenerate pairing of signature {1, p — 1). The action of Mon'\j^g{X) on fac- 
tors through the action of 0^[i?^'^(X, Z)]. The latter acts as a discrete group of motions 
on (see |VS] . Ch. 1, section 2.2). The statement of the lemma follows for Hx. 

Let G be the kernel of the restriction homomorphism Mon'jj^g[X) — )■ 0^[H^'^{X,7j)]. 
We prove next that G is a finite group. Let T{X) be the subspace of if^(X, R) orthogonal 
to H^'^{X,Z). Set T^'^{X) := T{X) D H'^''^{X,R). The Beauville-Bogomolov pairing 
restricts to T^'^{X) as a negative definite pairing. Let T^(X) C T(X) be the orthogonal 
complement of T^'^(X) in T{X). Then T'^{X) is the two-dimensional positive definite 
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subspace of T{X), spanned by the real and imaginary parts of a holomorphic 2-form on 
X. G acts faithfully on T{X) and it embeds as a discrete subgroup of the compact group 
O (T+iX)) X O (ri'i(X)). We conclude that G is finite. 

The linear subspace P (T^'^{X)^ of P (//^'"^(X, M)) is disjoint from Mx and so the or- 
thogonal projection H^'^{X,M.) — )■ V induces a well defined Mon^^^ (X)-equivariant map 

vr : Mx — )• EIx- Explicitly, a point v in the positive cone of M) can be uniquely 

decomposed as a sum v = v + t, with v ^ V and t E T^'^{X), and vr takes the image of v 
in Mx to the image of v in Hx- 

We show next that Mon\^g{X) acts on Hx via a discrete group of motions. Set F := 

Mon\j^g{X)/G. Let x be a point of Hx and set x := 7r(x). The stabilizing subgroup 
Stabr{x) is finite, since F acts on Mx as a discrete group of motions. The preimage of 
Stabr{x) in Mon'jj^g{X) is finite and contains the stabilizer of x in Mon^^^(X). Hence, 
the latter stabilizer is finite. Let y be a point in the orbit F • x in Mx. Then 7r-i(y) 
intersects the orbit Mon'jj^g(X) • x in an orbit of a finite subgroup, namely, an orbit of the 

preimage of Stabriy) in Monjj^g{X). The orbit Monj^^g^X) • X is a discrete subset of Mx , 
since tt restricts to it as a finite map onto the discrete orbit of x in Mx- □ 

Given an element e G V, with q{e) < 0, we get the reflection £ 0^{V), given by 

Definition 6.12. A hyperbolic reflection group is a discrete group of motions of H" gen- 
erated by reflections. 

Given a vector e £ V, with q{e) < 0, set 

H+ := {veCv : {v,e) > 0}/M>o. 

Define H~ similarly using the inequality {v,e) < 0. Set H^. := e-*" n H", where C"*" is the 
hyperplane of ¥(V) orthogonal to e. Then M'^\Hf, is the disjoint union of its two connected 
components and H~ . The closures are called half-spaces. 

Definition 6.13. (1) A set {Sj : i £ I}, of subsets of a topological space X, is locally 
finite, if each point x G X has an open neighborhood Ux, such that the intersection 
n C/r is empty, for all but finitely many indices i £ I. 

(2) A decomposition of H" is a locally finite covering of H" by closures of open connected 
subsets, no two of which have common interior points. 

(3) A closure D of an open subset of H" is said to be a fundamental domain of a 
discrete group of motions F, if {7(1?) : 7 G F} is a decomposition of H". 

(4) ( |AVS| . Ch. 1, Definition 3.9) A convex polyhedron is an intersection of finitely 
many half-spaces, having a non-empty interior. 

(5) ( [VS] , Ch 1, Definition 1.9) A closed subset P C H" is a generalized convex poly- 
hedron, if P is the closure of an open subset, and the intersection of P with every 
bounded convex polyhedron, containing at least one common interior point, is a 
convex polyhedron. 

(6) A closed cone in Cy is a generalized convex polyhedron, if its image in H" is a 
generalized convex polyhedron. 

(7) A closed cone FT in Cy is a rational convex polyhedron, if its image in H" is a 
convex polyhedron, which is the intersection of finitely many half spaces with 

e G Q"+^ 
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Theorem 6.14. (1) ( \VS\ . Ch. 1 Theorem 1.11) Any discrete group of motions o/H" 
has a fundamental domain, which is a generalized convex polyhedron. 
(2) (^VS], Ch. 2 Theorem 2.5) The action on H" of any arithmetic subgroup ofO^iy) 
has a fundamental domain, which is a convex polyhedron. 

The decomposition of H", induced by translates of the fundamental domain in Theorem 
16.141 is not canonical in general. A canonical decomposition exists, if the discrete group of 
motions is a reflection group. The hyperplanes of n — 1 dimensional faces of a generalized 
convex polyhedron are called its walls. 

Let r be a hyperbolic reflection group and T^-r C T the subset of reflections. Given a 
reflection p £ TZ-p, let Hp C H" be the hyperplane fixed by p. Connected components of 
H" \ UpGT^p called chambers. 

Theorem 6.15. i^ |VS) . Ch. 5 Theorem 1.2 and Proposition I.4) 

(1) The closure of each chamber ofV in is a generalized convex polyhedron^ which 
is a fundamental domain for T. 

(2) r is generated by reflections in the walls of any of its chambers in H". 

Let r be any discrete group of motions of H". Denote by the subgroup of T generated 
by all reflections in T. We call the reflection subgroup ofT. Choose a chamber D of F^. 
Let Fd C F be the subgroup {7 G F : -f{D) = D}. 

Theorem 6.16. (^ |VS| . Ch. 5 Proposition 1.5) F^ is a normal subgroup ofV, and F is the 
semi-direct product ofVr and Yd. 

We refer the reader to the book [VSj and the interesting recent survey {Do] for detailed 
expositions of the subject of hyperbolic reflection groups. 

Let X be a projective irreducible holomorphic symplectic manifold. 

Theorem 6.17. The fundamental exceptional chamber J^Sx , introduced in Definition \5.2\ 
is equal to the connected component of 



containing the Kdhler cone. In particular, TEx is the interior of a generalized convex 
polyhedron ( Definition 1 6. 1 3\) . 

Proof. The group Wexc is a hyperbolic reflection group and the set U in equation (16. 2p is 
an open subset of Cx, which is the union of the interiors of the fundamental chambers of 
the WExc-s^ction on Cx , by Theorem 16.151 The intersection of J-£x and U is the union 
of connected components of U, by the definitions of J-'Sx and Wexc- is contained in 

[/, by Proposition I6.10[ TEx is convex cone, hence a connected component of \J . TEx 
contains /Cx, by the definition of TEx- D 

6.4. Mon'jj^g{X) is a semi-direct product of Wexc and Mon\^^{X). Denote by Vex 
the set of prime exceptional divisors in X. Given E G Vex, denote by Re the corresponding 
reflection (Proposition 16.2( 1 . 

Theorem 6.18. (1) The group Mon' jj^^{X ) acts transitively on the set of exceptional 

chambers, introduced in Definition \5.1(K and the subgroup Wexc CLcis simply-transitively 



'''This polyhedron is moreover a generahzed Coxeter polyhedron ('VS', Ch. 5 Definition 1.1), but we will 
not use this fact. 



(6.2) 




on this set. 
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(2) The exceptional chambers are precisely the connected component of the open set 
in equation ^6.2\) . i.e., each exceptional chamber is the interior of a fundamental 
domain of the Wexc action on Cx ■ 

(3) The group Wexc is generated by {Re : e G Vex}. 

(4) The subgroup of Mon'jj^g{X) stabilizing the fundamental exceptional chamber F£x 
is equal to Mon'^^^{X). 

(5) Mon'jj^g{X) is the semi-direct product of its subgroups Wexc and Mon'^^^{X). 

When X is a K3 surface Mon\^g{X) is equal to the group of Hodge isometrics of 
H'^{X,'Ij) preserving the spinor norm and Mon'^^^{X) is equal to the group of biregular 
automorphisms of X. Furthermore, the fundamental exceptional chamber is equal to the 
Kahler cone of the K3 surface. Theorem 16.181 is well known in the case of K3 surfaces 
[BRlES], or ([LP], Proposition 1.9). 

Proof. Parts ([I]) and ([2]): Mon'jj^g{X) acts transitively on the set of exceptional chambers, 
by their definition. The subgroup Wexc acts simply-transitively on the set of connected 
components of the set U in equation (16. 2p . by Theorem 16. 151 One of these is T£x, by Theo- 
rem 16.171 Hence, every connected component of U is an exceptional chamber. Mon'jj^g{X) 
acts on the set of connected component of U, by Corollary 16.91 Hence, every exceptional 
chamber is a connected component of U. 

Part ([3]): The walls in the boundary of the fundamental exceptional chamber are all 
of the form [E]^ n Cx, for some prime exceptional divisor E, by definition. J-£x is the 
interior of a chamber of Wexc, by Theorem 16.171 We conclude that Wexc is generated by 
{Re : e G Vex}, by Theorem 16.151 

Part dH): Mon|.^(X) is the sub group of Mon'jj^g{X) leaving J-£x invariant, by Lemma 
EH] part H 

Part ([5]): Monj^^g{X) is generated by Wexc and Mon^^-^{X), by parts (P and (HJ). The 
intersection Wexc H Mon\^,^ {X) is trivial, since the action of Wexc on the set of exceptional 
chambers is free. Wexc is a normal subgroup of Mon'jj^g{X), by Corollarv 16.91 □ 

Caution 6.19. When X is a K3 surface, then Wexc is the reflection subgroup of Mon'jj^g(X), 
i.e., every reflection g £ Monj^^g^X) is of the form R^, for a class i satisfying = —2. 

This follows easily from the fact that H'^{X,Z,) is a unimodular lattice. Wexc may be 
strictly smaller than the reflection subgroup of Mon'jj^g(X), for a higher dimensional irre- 
ducible holomorphic symplectic manifold X. In other words, there are examples of elements 
a G H^'^{X,Z), with {a, a) < 0, such that Ra belongs to Mon'jj^g{X), but neither a, nor 
—a, belongs to Spe. Instead, Ra is induced by a bimeromorphic map from X to itself (see 
Example 19.201 below, and section 11 of (MaT] for additional examples). 

Let L be a stably prime-exceptional line bundle and set i := ci(L). The hyperplane 
intersects J-£x in a top dimensional cone in i-^ , only if L = Ox {E) for some prime excep- 
tional divisor E, by Proposition 16.101 We show next that the condition is also sufficient. 

Lemma 6.20. Let E be a prime exceptional divisor on X. Then E-^ n J-£x is a top 
dimensional cone in the hyperplane E-^. Consequently, Wexc can not be generated by any 
proper subset of {Re ■ eGVex}. 

Proof. Let e be an element of "Pea;. It suffices to show that e-^r\J^£xriCx contains elements, 
which are not orthogonal to any other e' G Vex. Choose x G J-'£x and set y := a; — -[f^e. 
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Then (y, e) = 0. Given e' € Vex, e' ^ e, then (e, e') > and (x,e') > 0. Now (e,e) < 0. 
We get the following inequalities. 

(e',y) = (e',:r)- j^(e',e) > 0. 
(e,e) 

= > 0. 

(e,e) 

We conclude that y belongs to fl J-'<Sx H Cx, and y does not belong to (e')-*", for any 
e' G Vex \ {e}. □ 

Proof of Theorem We xc is a normal subgroup of Mon]j^g{X), by Corollary El 
There exists a bimeromorphic map /i : Xi — t- X2 , by Theorem 11.31 and h* is a parallel 
transport operator, by Theorem 13.11 The composition f o h* belongs to Mon'jj^g{X2). 
There exists an element w of Wexc{X2), such that f o h* belongs to Mon'^^^{X2), by 
Theorem 16.181 Let 93 : X2 — ?• X2 be a bimeromorphic map, such that (p^ = w~^f o h*. 
Then / = w^iph)^. Set g := iph to obtain the desired decomposition f = w o g^. 

Assume that g : Xi — )• X2 is a birational map and zZ; is an element of Wexc{X2), such that 
/ = wg^,. Then w~^w = {g~^g)* belongs to the intersection of Wexc{X2) and Mon\,-^{X2)., 
which is trivial, by Theorem 16.181 Thus, w = w and g^, = g^,- Now, g = g{g~^g), and g~^g 
is a birational map inducing the identity on H'^{Xi,7j). In particular, g^^g maps ICxi to 
itself, and hence is a biregular automorphism. □ 

6.5. Morrison's movable cone conjecture. Let X be a projective irreducible holomor- 
phic symplectic manifold. We describe first an analogy between results on the ample cone 
of a projective K3 surface and results on the movable cone of X. Set NS := H^'^{X,Z,), 
NSk := NS (g)z M, and NSq := NS (g)z Q- Let Cns be the intersection Cx n NSr. 

Definition 6.21. (1) A line bundle L on X is movable, if the base locus of the linear 
system \L\ has codimension > 2. 
(2) The movable cone A4Vx is the convex hull in NSk of all classes of movable line 
bundles. 

Let MVx be the interior of MVx and MVx the closure of MVx in NSr. 

Lemma 6.22. The equality A4Vx = -7^<fjs:nNSK holds. Wexc acts faithfully on Cns o^c^ the 
map Ch I— )• Ch n NSk induces a one-to-one correspondence between the set of exceptional 
chambers and the chambers in Cns of the Wexc action. In particular, the closure of MVx 
in Cns is a fundamental domain for the action of Wexc on Cns • 

Proof. The equality AAV'x = ^£x H NSr follows immediately from the Zariski decompo- 
sition (Theorem 15. Sp . The set Spe is contained in NS, hence the Wexc action on Cns is 
faithful and the map Ch ^ Ch n NSr induces a bijection. □ 

Let p : Mon'jj^g{X) — )• 0(NS) be the restriction homomorphism. We denote p{Wexc) 
by Wexc as well. 

Lemma 6.23. (1) The image T of p is a finite index subgroup o/0^(NS). 

(2) The kernel of p is a subgroup of Mon'^^^{X). 

(3) r is a semi-direct product of its normal subgroup Wexc o.nd the quotient group 
TB^r := Monl^^{X)/ker{p). 
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Proof. ([T]) The positive cone Cx is Mon|^^ (X)-invariant and Cns = n NS is thus F- 



index subgroup of 0+(NS). The index of Mon^{X) in 0^[H'^{X, Z)] is finite, by a result of 
Sulhvan [SuJ (see also |Ver2| . Theorem 3.4). Hence, Mon^^g{X) is a finite index subgroup 

oi0^^g{H^{X,Z)). Part © follows. 

([2]) Let g be an element of ker(/9). Then g acts trivially on Spe. Hence, g maps J-£x to 
itself. It follows that g belongs to Mon'^^j.{X), by Theorem 16.181 part HI 

Part ([3]) is an immediate consequence of part ([2]) and Theorem 16.181 part [5l □ 

Let <Sffx C NSm be the convex cone generated by classes of effective divisors on X. Set 
MVx '■= MVx DSSx- Following is Morrison's movable cone conjecture. 

Conjecture 6.24. [ MorH [Mor21 [Ka] There exists a rational convex polyhedral cone (Def- 
inition [6.13\ part H, which is a fundamental domain for the action o/Bir(X) on AiV^- 

Morrison formulated a version of the conjecture for the ample cone as well. The two 
versions coincide in dimension 2 and for abelian varieties. The K2> surface case of the 
conjecture is proven by Looijenga and Sterk ([StJ) Lemma 2.4), the Enriques surfaces case 
by Namikawa ([Nam], Theorem 1.4), the case of abelian and hyperelliptic surfaces by 
Kawamata ( [Ka| . Theorem 2.1), the case of two-dimensional Calabi-Yau pairs by Totaro 
[Tot j . and the case of abelian varieties by Prendergast-Smith [Pre]. A version of the 
conjectures for fiber spaces was formulated by Kawamata and proven in dimension 3 in 
[Kaj. 

The following theorem is a weaker version of Morrison's movable cone conjecture, in the 
special case of projective irreducible holomorphic symplectic manifolds. Let MV^ be the 
convex hull of J^Vx H NSq. Clearly, MV^ is equal to the interior of both M.V'^ and 
MVx- When X is a surface the equality MVx = MVj. holds. In the K3 case the 
inclusion MV^ C MV^ follows from ( |BHPVj . Proposition 3.6 part i) and the inclusion 
MVx ^ i'' proven in ([KaJ, Proposition 2.4). 

Theorem 6.25. There exists a rational convex polyhedral cone H in MVx, -^^c/i that H 
is a fundamental domain for the action of T sir on MV^- 

Proof. The proof is identical to that of Lemma 2.4 in [St], which proves the -fC3-surface 
case of the Theorem. When X is a KJi surface, MV\ is the ample cone and Vex is the set 
of nodal —2 classes. The proof is lattice theoretic. Following is the dictionary translating 
our notation to that of Sterk. 



Our notation 


MV'x 


Cns 


MV+ 


Vex 


Spe 


F 


Fsir 


Wexc 


Sterk's notation 


K 


C 


Knc+ 


B 


A+ 


F 




w 



One slight inaccuracy in the above dictionary is that Sterk chose F to be the subgroup of 
(//^(X, Z)) acting trivially on the transcendental lattice NS^, while we consider (in 
case X is a K3 surface) the image of O^^^ (fr^(X, Z)) in ©"""(NS). So Sterk's F is the 
finite index subgroup of our F acting trivially on the finite discriminant group NS*/NS. 
Both choices satisfy the following complete list of assertions needed for the Looijenga-Sterk 
argument (in Sterk's notation). 

(1) NS is a lattice of signature (1, *) and F is an arithmetic subgroup of O^(NS). 

(2) W C 0"'"(NS) is the reflection group generated by reflections in elements of i? C NS. 
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(3) is equal to the subgroup {g GT : g{B) = B}. 

(4) is a normal subgroup of T and F = T b-W \s a, semi-direct product decomposition. 

(5) n C is a fundamental domain for the action of on C, cut out by closed half- 
spaces associated to elements of B. 

Assertion ([T|) is verified in our case in Lemma 16.231 part [TJ Assertion ([2]) is verified in 
Theorem EH] part El Mon%.^{X) = {g £ Mon]j^g{X) : g{Vex) = Vex}, by Theorem 
16. 181 part HI and Lemma [6.20[ Assertion ^ follows from the latter equality by Lemma [6.231 
part [2j Assertion ^ is verified in Lemma 16.231 part [3l Assertion ^ is verified in Lemma 
[6:221 

The argument proceeds roughly as follows. Choose a rational element xq £ MVx which 
is not fixed by any element of T. Let C+ be the convex hull of Cns H NSq in NSr. Set 

n := {x G C+ : (2:0,2;) < (2:0, 7(x)), for all 7 G F}. 

Then FT is a fundamental domain for the F action on C+, known as the Dirichlet domain 
with center xq (compar^ with |VS| . Ch. 1 Proposition 1.10). FT is shown to be a rational 
convex polyhedron ([St], Lemma 2.3, see also Theorem 16.141 part ([2]) above). The above 
depends only on Assertion ([1]). The interior of any fundamental domain for F can not 
intersect any hyperplane e^, e G Vex. Hence, FT is contained in AiVl^, by Assertions ([2]) 
and dl]). ^AVx is a fundamental domain for the Wexc action on C+, by Assertion ([5]). 
Hence, any fundamental domain for the F-action on C4. which is contained in A4V^, is a 
fundamental domain for the F^jr action on A^V^, by Assertions Q and dH). □ 

Proof. (Of Theorem 1 1.7p Assume that D is an irreducible divisor on X. Then D is either 
prime exceptional, or the class [D] belongs to AiVx, by Theorem 15.81 If D is prime 
exceptional, the statement follows by the same argument used in the K3 surface case 
([St], Proposition 2.5). Otherwise, [D] belongs to AiVx, and there exists g £ Tsir, such 
that (7([-D]) belongs to the rational convex polyhedron H in Theorem 16. 251 The intersection 
HnNS is a finitely generated semi-group. Choose generators {xi, . . . , Xm}. Then {xi,Xi) > 
0, and {xi,Xj) > 0, if Xi and Xj are linearly independent. It follows that Hn NS contains 
at most finitely many elements of any given positive Beauville-Bogomolov degree, and at 
most finitely many primitive isotropic classes. □ 

7. The monodromy and polarized monodromy groups 

In section 17.11 we prove Proposition 11.91 stating that the polarized monodromy group 
Mon^{X,H) is the stabilizer of ci{H) in Mon'^(X). In section 17^21 we fix a lattice A and 
define the coarse moduli space of polarized A-marked pairs of a given deformation type. 

7.1. Polarized parallel transport operators. Let be a period domain as in equation 
(|2.ip . Choose a connected component 9Jt^ of the moduli space of marked pairs, a class 
h £ A with {h,h) > 0, and let il^j^ be the period domain given in equation (14. ip . Let 
Pq : Tl^ CIa be the period map. Denote the inverse image P^^ (^^x) ^h^- '^^^ 
discussion in section [4] provides the following modular description of ■ A marked pair 
{X,r]) belongs to ^^±, if and only if {X,r]) belongs to the class r]~^{h) is of Hodge 
type (1, 1), and r]~^{h) belongs to the positive cone Cx- 

^The bilinear pairing {xo,x) in the above definition of tfie Diricfilet domain is replaced with the hyperbolic 
distance p{xo,x) in Definition 1.8 in Ch. 1 of [VS| . However, the two definitions are equivalent, by the 
relation cosh{p{xo, x)) — {xo,x) (see Ch. 1 section 4.2 in [AVS] ). 
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Proposition 7.1. SR^x is path- connected. 



Proof. The proof is similar to that of Proposition 5.11 in |Ma7j . The proof relies on the 



Global Torelli Theorem 12.21 and the connectedness of ^J^i_ ■ D 

Definition 7.2. Let Mon^ (^a) be the subgroup rj o Mon'^{X) o -q^^ C 0(A), for some 
marked pair (X, ?]) e 971° . Let Mon^ (^a)/i ^e the subgroup of Mon^ (^a) stabilizing h. 

The subgroup Mon^ (^a) independent of the choice of {X, rj), since is connected, 
by definition. Mon^ (^a)^ naturally acts on 9?t^±- 
Let 

(7.1) 97^^ 

be the subset of 9?^^x, consisting of isomorphism classes of pairs {X,rj), such that r]^^{h) 
is an ample class of X. The stability of Kahler manifolds implies that 2R^± is an open 
subset of ([W], Theorem 9.3.3). We refer to Wl^^x 

connected component of the 

moduli space of polarized marked pairs. 

Corollary 7.3. SlJt^x is cl Mon^ {pJl\) ^-invariant path- connected open Hausdorff subset of 
OJt^j^. The period map restricts as an injective open Mon^ (JXH^^ ^-equivariant morphism 
from OJt^x onto an open dense subset of il^x • 

Proof. Let us check first that 9JI^x is Mon^ (9JT^) ^-invariant. Indeed, let {X,r]) belong 
to 9Jt^x and let g be an element of Mon^ (9Jt^)^. Denote by H the line bundle with 
ci{H) = rj^^{h). Then g = "qfrj^^, for some / G Mon'^{X) stabilizing ci{H), by definition 
of Mon^ (9K^)^. The pair {X,gr]) = {X,r]f) belongs to 9Jt^, since / is a monodromy- 
operator. We have 

{gvrHh) = f-\r\h)) = f-\c,{H)) = c,{H). 

Hence, {gr])^^{h) is an ample class in //""^'^(X, Z). 

Let {X,r]) and {Y,!/;) be two inseparable points of 9?t^x- Then ip~^r] is a parallel- 
transport operator, preserving the Hodge structure, by Theorem 13. 2i Furthermore, tp~^r] 
maps the ample class ri~^{h) to the ample class tp~^{h), by definition. Hence, there exists 
an isomorphism f : X ^Y, such that /* = tp~^r], by Theorem 11.31 part [2l The two pairs 
{X, rj) and {Y, ijj) are thus isomorphic. Hence, 2Tt^± is a Hausdorff subset of 9Jl^j^ . 

OJl^j^ is the complement of a countable union of closed complex analytic subsets of 9Jl^j^ . 
Hence, 9Jt^± is path-connected (see, for example, |Ver2] . Lemma 4.10). 

The period map restricts to an injective map on any Hausdorff subset of a connected 
component of the moduli space of marked pairs, by Theorem 12.21 The image of QH^j^ 
contains the subset of consisting of points p, such that A^'-'^(p) = span^j/i}, by 

Huybrechts' projectivity criterion |Hulj . and Theorem 12. 2i Hence, the image of 9?^^x is 
dense in il^^ . The image is open, since 9?t^x is an open subset and the period map is open, 
being a local homeomorphism. □ 

Let {Xi,Hi), i = 1,2, be two pairs, each consisting of a projective irreducible holomor- 
phic symplectic manifold Xi, and an ample line bundle Hi. Set /ij := ci{Hi). 

Corollary 7.4. A parallel transport operator f : H'^{Xi,'L) — t- i7^(X2,Z) is a polarized 
parallel transport operator from {Xi,Hi) to (X2,i^2) (Definition M . 1\) . if and only if f{hi) = 

h2. 
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Proof. The 'only if part is clear. We prove the 'if part. Assume that f{hi) = /i2- Choose 
a marking 772 : H'^{^2-,'^) A, and set rji := r]2 ° /• Then = ??2(^2)- Denote both 

r]i{hi) by h. Let be the connected component of {Xi^rji). Then {X2,r]2) belongs to 
by the assumption that / is a parallel transport operator. Consequently, PQ{Xi,r]i), 
i = 1,2, both belong to the same connected component of We may choose r/2, so that 
this connected component is J^^x- Then {Xi,r]i) and {X2,rj2) both belong to SJt^x- 

Choose a path 7 : [0,1] Tl^^, with 7(0) = (Xi,ryi) and 7(1) = {X2,Tj2)- This 
is possible, by Corollary 17.31 For each t S [0,1], there exists a simply-connected open 
neighborhood Ut of j{t) in 9?t^x and a semi-universal family tt^ : Af^ — )• ^7j. The covering 
{Ut}te[o,i] of 7([0i 1]) lias a finite sub-covering {Vj}j^i, for some integeiH A: > 1, with the 
property that 7 ^ ^ is contained in V^-. Consider the analytic space B, obtained 

from the disjoint union oiVj, 1 < j < k, by gluing Vj to V^+i at the single point 7 with 

transversal Zariski tangent spaces. Let ttj : Xj — )■ Vj- be the universal family and denote 
its fiber over v G Vj hy Xj^^. Endow each fiber Xj^y, of vTj over v ^Vj, with the marking 
H'^{Xj^y,'Z) — )• A corresponding to the point v. For I < j < k, choose an isomorphism of 
X. fj_\ with X. , compatible with the marking chosen, and use it to glue the family 

TTj to the family Hj+i- We get a family tt : X ^ B. The paths 7 : j: 
be reglued to a path 7 : [0, 1] — t- B. Parallel transport along 7 induces t 



Vj can now 
le isomorphism 



rj-^-^^or];y(^Q-^ = ^^(-\) 0^7(0) = % ""^of?! = /• Hence, / is a polarized parallel transport operator 
from to (X2,//2). □ 

7.2. Deformation types of polarized marked pairs. Fix an irreducible holomorphic 
symplectic manifold Xq and let A be the lattice H'^{Xq,X), endowed with the Beauville- 
Bogomolov pairing. Let r be the set of connected components of TIa, consisting of pairs 
{X,r]), such that X is deformation equivalent to Xq. 

Lemma 7.5. The set t is finite. The group 0(A) acts transitively on r and the stabilizer 
of a connected component OJt^ £ t is the subgroup Mon^ (9Jt^), introduced in Definition 

Proof The set 0[H^{X,Z)]/Mon'^{X) is finite, by a result of Sullivan [Suj (see also [Vct2] . 
Theorem 3.4). The rest of the statement is clear. □ 

Denote by ^XfT^ the disjoint union of connected components parametrized by the set r. 
We refer to d)V^ as the moduli space of marked pairs of deformation type r. An example 
would be the moduli space of marked pairs of ETSl^'-type. Given a point t G r, denote by 
the corresponding connected component of 

Remark 7.6. lfMon'^{X) is a normal subgroup of 0[H^{X, Z)], then the subgroup Mon^(97t^) 
of 0(A) is equal to a fixed subgroup Mon'^{T, A) C 0(A), for all t £ t. This is the case when 
X is of iiTSt^l-type (Theorem 19. ip . The set r is an 0(A) /Mon^{T, A)-torsor, by Lemma [7. 51 
We will identify the torsor r with an explicit lattice theoretic 0(A)/Mon^(r, A)-torsor in 
Corollary 

We get the refined period map 

(7.2) P : m\ — > JIa X r. 



^We could take = 1, if there exists a universal family over OKJ^x , but such a family need not exist. 
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sending a marked pair (X, rj) to the pair [P^X^ fl)ii)^ where lUtJ^ is the connected component 
containing {X, rj). Then P is 0(A)-equivariant with respect to the diagonal action of 0(A) 
on l^A X "T- 

Given h £ A, with {h, h) > 0, denote by fl*^^^ the period domain associated to in 

equation dH]). Set m^t ■= P'^in^t). Let C Tt^t be the open subset of polarized 
pairs introduced in equation ()7.ip . 

We construct next a polarized analogue of the refined period map. Given an 0(A)-orbit 
/i C A X r, of pairs {h, t) with (h, h) > 0, consider the disjoint unions 

"^t ■■= U 

(/i,t)e/i 

■■= U ^l-^ 

{h,t)eh 

and let 

(7.3) p :m± n± 

be the map induced by the refined period map on each connected component. Then P is 
0(A)-equivariant and surjective. The disjoint union 

(7.4) 9Jl|:= IJ Tl'^^ 

(h,t)£h 

is an 0(A)-invariant open subset of ^jj- This open subset will be called the moduli 
space of polarized marked pairs of deformation type h. Indeed, 971^ coarsely represents 
a functor from the category of analytic spaces to sets, associating to a complex analytic 
space T the set of all equivalence classes of families of marked polarized triples {X,L,rj), 
where X is of deformation type r, L is an ample line bundle, and r] : H'^{X,'L) — )• A 
is an isometry, such that the pair [ry(ci(L)), t] belongs to the 0(A)-orbit /i, where is 
the connected component of {X,rj). A family {n : X ^ T,C,fj) consists of a family vr, 
an element C of Pic(Af/T) and a trivialization fj : i?^7r*Z — J- (A)^, via isometries. Two 
families {X — )• T, C, fj) and {X' — )• T, fj') are equivalent, if there exists a T-isomorphism 
f : X ^ X' , such that f*£,' = C and fj' = fj o f*. We omit the detailed definition of this 
functor, as well as the proof that 971^ coarsely represents it, as we will not use the latter 
fact below. 



8. MONODROMY QUOTIENTS OF TYPE IV PERIOD DOMAINS 

Fix a connected component 97t^x of the moduli space DJt^ of polarized marked pairs 
of polarized deformation type h. In the notation of section [7121 OJt^x := 9H|^'", for some 
{h,t) S h. Let be the connected component of Tl\ containing 9?t^x. Set F := 
Mon^ (9Jt°)^ (Definition [721). The period domain r2+^ is a homogeneous domain of type 
IV ([Saj, Appendix, section 6). F is an arithmetic group, by ( |Ver2] . Theorem 3.5). The 
quotient Qtj_/T is thus a normal quasi-projective variety |BB] . 
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Lemma 8.1. There exist natural isomorphisms of complex analytic spaces 

m+/o{A) Ti+jr, 
mi/o{K) mijv, 
nf/o{A) n+jT. 

Furthermore, the period map descends to an open embedding 

(8.1) p : mi/o{A) ^ n+jr. 

Proof. We have the foUowing commutative equivariant diagram 



h 






t 


t 


t 


mi. 







with respect to the 0(A) action on the top row, the F-action on the bottom, and the 
inclusion homomorphism T ^ 0(A). 0(A) acts transitively on its orbit h, and the stabilizer 
of the pair (/i, m^^j^) £ h is precisely F, by Lemma 17.51 and Proposition II. 9i 

The morphism (jS.ip is an open embedding, since the P-equivariant open morphism 
is injective, by Corollary [731 □ 

A polarized irreducible holomorphic symplectic manifold is a pair {X,L), consisting of a 
smooth projective irreducible holomorphic symplectic variety X and an ample line bundle 
L. Consider the contravariant functor F' from the category of schemes over C to the 
category of sets, which associates to a scheme T the set of isomorphism classes of flat 
families of polarized irreducible holomorphic symplectic manifolds {X, L) over T, with a 
fixed Hilbert polynomial p{n) := x{L"'). The coarse moduli space representing the functor 
F' was constructed by Viehweg as a quasi-projective scheme with quotient singularities 
|Vieh| . Fix a connected component V of this moduli space. Then V is a quasi-projective 
variety. Denote by F the functor represented by the connected component V. The universal 
property of a coarse moduli space asserts that there is a natural transformation 6 : F ^ 
Hom(», V), satisfying the following properties. 

(1) e(Spec(C)) : F(Spec(C)) ^ V is bijective. 

(2) Given a scheme B and a natural transformation x ■ ^ ^ Hom(»,i?), there is a 
unique morphism ■i/' : V — )• hence a natural transformation ij^^, : Hom{»,V) — >• 
Hom(», B), with x = (V'*) ° ^• 

Remark 8.2. Property ([2]) replaces the data of a universal family over V, which may not 
exist when V fails to be a fine moduli space. When a universal family U G -P'(V) exists, 
then the morphism ip is the image of U via x '■ -^(V) ~^ Hom(V, B). 

Denote by h the deformation type of a polarized pair {X, L) in V. We regard h both 
as a point in [A x t]/0(A) and as a subset of A x r. Choose a point {h,t) £ h and set 

Lemma 8.3. There exists a natural injective and surjective morphism ip : V ^ 0Jt|/O(A) 
in the category of analytic spaces. 

Proof. The morphism <I> : V — >• Q,j^/0{A) = O^j^/F, sending an isomorphism class of a 
polarized pair {X,L) to its period, is constructed in the proof of ( [GHSlj . Theorem 1.5). 
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The morphism $ is set-theoretically injective, by the Hodge theoretic Torelli Theorem II. 31 
The image $(V) is the same subset as the image P [Tlf) , by definit ion of the two moduli 
spaces. The latter is the image also of the open immersion P : 5[R^/0(A) ^ $7^/0(A), 

by Lemma l8.ll Hence, the composition P ^ o <I) : V — )• 9Jl|/0(A) is well defined and we 
denote it by □ 

Theorem 8.4. The composition $ of 

is an open immersion in the category of algebraic varieties. 

Proof. The proof is similar to that of Theorem 1.5 in |GHS1| and Claim 5.4 in |0'G6j . If F 
happens to be torsion free, then any complex analytic morphism, from a complex algebraic 
variety to O^j^/T, is an algebraic morphism, as a consequence of Borel's extension theorem 
[Boj . r need not be torsion free, but for sufficiently large positive integer N, the subgroup 
r(A^) C r, acting trivially on A/NA, is torsion free, as a consequence of ([Saj, IV, Lemma 
7.2). In our situation, where the domain V of $ is a moduli space, one can apply Borel's 
extension theorem after passage to a finite cover V — )• V, where V is a connected component 
of the moduli space of polarized irreducible holomorphic symplectic manifolds with a level- 
N structure, as done in the proofs of ( [Ha s] . Proposition 2.2.2) and ([ GHSlj . Theorem 
1.5). The morphism $ lifts to a morphism $ : V — t- r2^x/r(A^). <I> is algebraic, by Borel's 
extension theorem, and a descent argument implies that so is <I>. 

The morphism P : — )• Qj^/0{A) is open. Hence, the image P(5!Jt^x/r) of $ is an 
open subset of il^j^/T in the analytic topology. The image of $ is also a constructibe set, in 
the Zariski topology. The image is thus a Zariski dense open subset. $ is thus an algebraic 
open immersion, by Zariski's Main Theorem. □ 

Remark 8.5. Theorem 18.41 answers Question 2.6 in the paper [GHSlj . concerning the po- 
larized -fC3l"]-type moduli spaces. The map ^ in Theorem 18.41 is denoted by (p in ( [GHSlj . 
Question 2.6) and is defined in ( [GHSlj . Theorem 2.3). There is a typo in the definition of 
ip in pHSlj : its target 0~^{L2n-2-,h)\Dh should be replaced by 0~^{L2n-2-,h)\Dh. When 
n = 2, these two quotients are the same, but for n > 3, the former is a branched double 
cover of the latter. Modulo this minor change. Theorem 18.41 provides an affirmative answer 
to f jGHSlj . Question 2.6). 

9. The ^3'"] deformation type 

In section 19.11 we review results about parallel-transport operators of i^3["'l-type. In 
section lQ^ we explicitly calculate the fundamental exceptional chamber T£x of a projective 
manifold X of i^3["l-type. 

9.1. Characterization of parallel-transport operators of A'3t"l-type. In sections 
19.1.11 19.1.21 and 19.1.3| we provide three useful characterizations of the monodromy group 
Mon'^{X) of an irreducible holomorphic symplectic manifold of i^3["'l-type. Given Xi 
and X2 of -R'3["]-type, we state in section [9. 1.41 a necessary and sufficient condition for an 
isometry g : H'^{Xi,Z) — t- ff^(X2,Z) to be a parallel-transport operator. 
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9.1.1. First two characterizations of Mon^{K3^"^). Let X be an irreducible holomorphic 
symplectic manifold of KS^^^-type. If n = 1, then X is a K3 surface. In that case it is weh 
known that Mon^{X) = 0+[H^{X,Z)] (see [Bor]). From now on we assume that n > 2. 

Given a class u £ H^{X,Z), with (u,u) ^ 0, let : H^{X,Q) H^{X,q) be 

the reflection RuiX) = A - ^^^u- Set pu := | ^ ^ q' Then p„ be- 

longs to 0'^[H'^{X,Q)]. Note that pu is an integral isometry, if {u,u) = 2 or —2. Let 
M C 0+[i72(X,Z)] be the sub group generated by such p^^. 

(9.1) JV := {pu : u£H^{X,Z) and {u,u)= 2 or {u,u) = -2). 
Clearly, A/" is a normal subgroup. 

Theorem 9.1. ^ ]Ma5] . Theorem 1.2) Mon^iX) =M. 

A second useful description of Mon^(X) depends on the fact that the lattice i/^(X, Z) 
is isometric to the orthogonal direct sum 

A := E^{-l)®E^{-l)®U ®U ®U (BZd, 

where E^{—1) is the negative definite (unimodular) root lattice, U is the rank 2 uni- 
modular lattice of signature (1, 1), and (5, 5) = 2 — 2n. See |Belj for a proof of this fact. 

Set A* := Hom(A, Z). Then A*/A is a cyclic group of order 2n - 2. Let 0(A*/A) be the 
subgroup of Aut(A*/A) consisting of multiplication by all elements of t G Z/ (2n — 2)Z, such 
that = 1. Then 0(A*/A) is isomorphic to (Z/2Z)^, where r is the number of distinct 
primes in the prime factorization n — 1 = Pi^ ■ ■ ■ pf'' of n — 1 (see |Ogu] ) . The isometry 
group 0(A) acts on A* /A and the image of 0+(A) in Aut(A*/A) is equal to 0(A*/A) f[Ni]. 
Theorem 1.14.2). 

Let vr : 0+(A) — )• 0(A*/A) be the natural homomorphism. The following characteriza- 
tion of the monodromy group follows from Theorem 19.11 via lattice theoretic arguments. 

Lemma 9.2. f [Ma5) . Lemma Mon'^{X) is equal to the inverse image via vr of the 
subgroup {1,-1} C 0(A*/A). 

We conclude that the index of Mon^{X) in 0+[ij2(X,Z)] is 2'^^ and Mon'^{X) = 
0^[H^{X, Z)], if and only if n = 2 or n — 1 is a prime power. If n = 7, for example, then 
Mon'^iX) has index two in 0+[H^{X,Z)]. 

9.1.2. A third characterization of A'Ion^{K3^'^^). The third characterization of Mon^{X) is 
more subtle, as it depends also on H'^{X,Z). It is however this third characterization that 
will generalize to the case of parallel transport operators. 

Given a K3 surface S, denote by K{S) the integral ET-ring generated by the classes of 
complex topological vector bundles over S. Let x '■ K{S) — )• Z be the Euler characteristic 
x{x) = Jgch{x)tds- Given classes x,y G KiS), let be the dual class and set 

(9.2) {x,y) := -xix'^'^v)- 

The above yields a unimodular symmetric bilinear pairing on K{S), called the Mukai 
pairing [ Mulj . The lattice K{S), endowed with the Mukai pairing, is isometric to the 
orthogonal direct sum 

A := Es{-i) ® Esi-i) e u ® u e u e u 

and is called the Mukai lattice. 
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Let Q'^{X,Z) be the quotient of H'^{X,Z) by the image of the cup product homomor- 
phism U : H^{X,Z) <S) H^{X,Z) H^{X,Z). Clearly, Q'^{X,Z) is a Mon(X)-module, and 
it comes with a pure integral Hodge structure of weight 4. Let q : H^{X,Z) — )• Q^{X^Z) 
be the natural homomorphism and set C2{X) := q[c2{TX)). 

Theorem 9.3. /" [MaS] . Theorem 1.10) Let X he of K^'^'^'^ -type, n > 4. 

(1) Z) is a free abelian group of rank 24. 

(2) The element ^C2{X) is an integral and primitive class in Q'^{X,Z). 

(3) There exists a unique symmetric, even, integral, unimodular, Mon(X) -invariant 

bilinear pairing (•,•) on Q'^{X,Z), such that ^^^y^^ = 2n — 2. The resulting 

lattice Z), (•, •)] is isometric to the Mukai lattice A. 

(4) The Mon{X) -module Horn Z), Q^(X, Z)] contains a unique integral rank 1 
saturated Mon{X)-submodule 

E{X), 

which is a sub-Hodge structure of type (1,1). A generator e G E(X) induces a 
Hodge-isometry 

e : H^{X,Z) C2{X)^ 
onto the co-rank 1 sublattice of Q'^{X,Z) orthogonal to C2{X). 

Parts ([l]) , dS]) , and ([4]) of the Theorem are explained in the following section 19.1. 31 
Denote by 0(A, A) the set of primitive isometric embeddings of the -fCSt""' -lattice A into 
the Mukai lattice A. The isometry groups 0(A) and 0(A) act on 0(A,A). The action on 
L G 0(A, A), of elements g G 0(A), and / G 0(A), is given by {g, f)i = f o lo g^^ . 

Lemma 9.4. f |Ma5j . Lemma 4-3) 0^{A) x 0(A) acts transitively on 0(A, A). The sub- 
group N C 0~^{K), given in \9.1\l . is equal to the stabilizer in 0"^(A) of every point in the 
orbit space 0(A,A)/0(A). 

The lemma implies that 0(A, A) is a finite set of order [N : 0^(A)]. The following is 
our third characterization of Mon^^X). 

Corollary 9.5. (1) An irreducible holomorphic symplectic manifold X of K3^"^ -type, 
n > 2, comes with a natural choice of an 0(A)- orbit ix of primitive isometric 
embeddings of H'^[X.,Z) in the Mukai lattice A. 
(2) The subgroup Mon'^(X) of 0~^[H'^{X,Z)] is equal to the stabilizer of lx as an 

element of the orbit space O (^H'^{X,Z),A^ /0(A). 

Proof. Part ([T|): If n = 2, or n = 3, then 0(A, A) is a singleton, and there is nothing to 
prove. Assume that n > 4. Let e : H'^(X,Z) — t- Q^{X,Z) be one of the two generators 
of E(X). Choose an isometry g : Q^{X,Z) — )• A. This is possible by Theorem 19.31 Set 
L := g o e : H'^{X,Z) — )• A and let lx be the orbit 0(A) l. Then ix is independent of the 
choice of g. If we choose — e instead we get the same orbit, since —1 belongs to 0(A). 
Part ([2]): Follows immediately from Theorem 19.11 and Lemma 19.41 □ 

Example 9.6. Let 5 be a projective K3 surface, H an ample line bundle on S, and v G K{S) 
a class in the X-group. Denote by Mh{v) the moduli space of Gieseker-Maruyama-Simpson 
//-stable coherent sheaves on S of class v. A good reference about these moduli spaces is 
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the book [HL], Assume that Mh{v) is smooth and projective (i.e., we assume that every 
if-semi-stable sheaf is automatically also i/-stable). Then Mh{v) is known to be connected 
and of ivTSt^l-type, by a theorem due to Mukai, Huybrechts, O'Grady, and Yoshioka. It can 
be found in its final form in [Y2|. 

Let TTi be the projection from S x Mh{v) onto the i-th factor, i = 1,2. Denote by 
TTs, : K[S X Mh{v)] K[Mh{v)] the Gysin map and by Tr^ : K{S) K[S x Mh{v)] 
the pull-back homomorphism. Assume, further, that there exists a universal sheaf £ over 
S X Mh{v). Let [£\ € K[S x Mh{v)] be the class of the universal sheaf in the i^-group. 
We get the natural homomorphism 

(9.3) u : K{S) K{Mh{v)), 

given by u{x) := 7r2, {7r[(x^) [£]]. Let v-^ C K{S) be the co-rank 1 sub-lattice of K{S) 
orthogonal to the class v and consider Mukai's homomorphism 

(9.4) e : — > H^{Mh{v),Z), 

given by 6{x) = ci [u(x)]. Then 6 is an isometry, with respect to the Mukai pairing on v^, 
and the Beauville-Bogomolov pairing on H'^{M}{{v),'L), by the work of Mukai, Huybrechts, 
O'Grady, and Yoshioka |Y2] . Furthermore, the orbit iMuiv) of Corollarv 19.51 is represented 
by the inverse of 6 

(9.5) .MhM = 0[K{S)\ ■ e-\ 
by f [Ma5] . Theorem 1.14). 

9.1.3. Generators for the cohomology ring H*{X,'L). Part of Theorem 19.31 is a simple 
consequence of the following result. Consider the case, where X is a moduli space M of 
if-stable sheaves on a i^3 surface S and M is of i^3["']-type, as in Example 19.61 Choose 
a basis {xi,X2, . . . ,X24} of K{S). Let u : K{S) — )■ K{M) be the homomorphism given in 
equation (|9.3p . 

Theorem 9.7. i^ |Ma4] . Theorem 1) The cohomology ring H*{M,7j) is generated by the 
Chern classes Cj{u{xi)), for 1 < i < 24, and for j an integer in the range < j < 2n. 

The map (f : K{S) — )■ H^{M,'L), given by (p{x) = C2{u{x)), is not a group homo- 
morphism. Nevertheless, the composition cp := q o if : K{S) — )• Q^{M, 7j), of (p with 
the projection q : H^{M,Z) Q^{M,Z), is a homomorphism of abelian groups ( |Ma4] . 
Proposition 2.6). We note here only that 2ip is clearly a group homomorphism, since 
2c2(j/) = Ci{y) — 2c/i2(y), the map 2c/i2 : K{M) — ^ H'^{M,Z) is known to be a group 
homomorphism, and the term cf(y) is annihilated by the projection to (5^(M, Z). 

Part ([1]) of Theorem 19.31 follows from the fact that (p is an isomorphism. The homomor- 
phism Lf is surjective, by Theorem 19.71 It remains to prove that is injective. Injectivity 
would follow, once we show that Q^{M,Z) has rank 24. Now cup product induces an 
injective homomorphism Sym^//^(M, Q) — )• H'^{M,Q), for any irreducible holomorphic 
symplectic manifold of dimension > 4, by a general result of Verbitsky |Verl| . When 
n > 4, i.e., dimc(M) > 8, then dim.H'^{M,Q) - dim Sym^if^^^^ ^ 24, by Gottsche's 
formula for the Betti numbers of S''"'! [Go]. Hence, the rank of Q^{M,'Z) is 24. 

The bilinear pairing on (5^(M, Z), constructed in part ([3]) of Theorem 19.31 is simply the 
push-forward via the isomorphism ip of the Mukai pairing on K{S). We then show that this 
bilinear pairing is monodromy invariant, hence it defines a bilinear pairing on Q'^{X,Z,), 
for any X of -fCSl^'-type. 
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The isometric embedding e : H'^{M, Z) — )• Q'^{M, Z,), constructed in part ^ of Theorem 
19.31 is simply the composition ip o 6^^, where 9 is given in equation (j9.4p . We show that 
the composition is Mon (M)-equivariant, up to sign, hence defines the Mon(X)-submodule 
E(X) in part (gD of Theorem [131 for any X of KS^-type. 

9.1.4. Parallel transport operators of KS'^"'^ -type. Let Xi and X2 be irreducible holomorphic 
symplectic manifolds of -fCS'^^-type. Denote by iXi the natural 0(A)-orbit of primitive 
isometric embedding of i/^(Xj,Z) into the Mukai lattice A, given in Corollary 19.51 

Theorem 9.8. An isometry g : H'^{Xi,Z) H'^{X2,I.) is a parallel-transport operator, 
if and only if g is orientation preserving and 

(9.6) ixi = t'X2 ° 9- 

Proof. Assume first that g is a parallel-transport operator. Then g lifts to a parallel- 
transport operator g : H*{Xi,Z) — )• H*{X2,'I,). Now g induces a parallel-transport opera- 
tors ^4 : Q'^{Xi,Z) — )• Q^{X2,1j), as well as 

Adg : Hom [H'^ (Xi , Z) , (Xi , Z)] Hom [H^ {X2 , Z) , (X2 , Z)] , 

given by / I— )• g4 o / o g^^. We have the equality Adg{Kxi) = ^X2J by the characterization 
of the Mon(Xj)-module lE(Xj) provided in Theorem 19.31 Hence, the equality (|9.6p holds, 
by construction of iXi ■ 

Conversely, assume that the isometry g satisfies the equality (19. 6|) . There exists a 
parallel-transport operator / : i/^(Xi,Z) — )• i?^(X2,Z), since Xi and X2 are deforma- 
tion equivalent. Hence, the equality txi = l-x-a ° f holds, as well. We get the equality 
I'Xi = '■Xi ° f~^9- We conclude that belongs to Mon^(Xi), by Corollary 19.51 The 

equality g = f{f^^g) represents g as a composition of two parallel-transport operators. 
Hence, g is a parallel-transport operator. □ 

The following statement is an immediate corollary of Theorems 11.31 and 19.81 

Corollary 9.9. Let X and Y be two manifolds of K 3^"'^ -type. 

(1) X and Y are bimeromorphic, if and only if there exists a Hodge-isometry f : 
H'^{X,Z) H'^{Y,Z), satisfying tx = i^y ° f ■ 

(2) X and Y are isomorphic, if and only if there exists a Hodge-isometry f as in part 
HP, which maps some Kdhler class of X to a Kdhler class ofY . 

We do not require / in part ([1]) to be orientation preserving, since if it is not then — / 
is, and the orbits ty ° f and ty o (— /) are equal. 

Let r be the set of connected components of the moduli space of marked pairs {X,rj), 
where X is of XSt^l-type, and r] : H^{X, Z) — )• A is an isometry. Denote by 9Jt]^ the moduli 
space of isomorphism classes of marked pairs {X,rj), where X is of i^3["]-type. The group 
0(A) acts on the set r and the stabilizer of a connected component 9?t^, t S r, is the 
monodromy group Mon'^{Tl'}^) C 0(A) (Definition I7.2p . Let 

orb : Til 0(A,A)/0(A) 

be the map given by {X, f]) ^ l,x ° r]^^. Let orient : Til ~^ Orient(A) be the map given in 
equation (|4.2p . The characterization of the monodromy group in Corollary 19.51 yields the 
following enumeration of r. 
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Corollary 9.10. The map (orb, orient) : — > 0(A, A)/0(A) x Orient(A) factors through 
a bijection 

T 0(A,A)/0(A) X Orient(A). 

9.2. A numerical determination of the fundamental exceptional chamber. 

Definition 9.11. A class £ £ {{^'^{X,"!,) is called monodromy-reflective, if £ is a primitive 
class, {£,€) < 0, and Ri is a monodromy operator. A holomorphic line bundle L G Pic(X) 
is called monodromy-reflective, if the class ci(L) is monodromy-reflective. 

Let X he a manifold of -fir3["]-type, n > 2. In section [9. 2. II we classify monodromy-orbits 
of monodromy-reflective classes. This is done in terms of explicitly computable monodromy 
invariants. In section [9.2.21 we describe the values of the monodromy invariants, for which 
the monodromy-reflective class is stably prime-exceptional (Theorem I9.17p . When X is 
projective. Theorems 16.171 and 19.171 combine to provide a determination of the closure 
BICx of the birational Kahler cone in Cx in terms of explicitly computable invariants. 

9.2.1. Monodromy-reflective classes of KS^"^^ -type. Set A := H'^{X,Z). Recall that if G A 
is monodromy-reflective, then Ri acts on A*/A via multiplication by ±1 (Lemma l9.2p . The 
set of monodromy-reflective classes is determined by the following statement. 

Proposition 9.12. /' |Ma7| . Proposition 1.5) Let I G Z) he a primitive class of 

negative degree < 0. Then Ri belongs to Mon?{X), if and only if i has one of the 
following two properties. 

(1) ii,i) = -2. 

(2) (1,1) = 2-2n, and (n - 1) divides the class {£,•) G H'^{X,Z)*. 

Ri acts on A/A* as the identity in case HP, and via multiplication by —1 in case 

Given a primitive class e G H^{X, Z), we denote by div(e, •) the largest positive integer 
dividing the class (e,«) G H'^{X,Z)*. Let TZn{X) C H'^{X,Z) be the subset of primitive 
classes of degree 2 — 2n, such that n — 1 divides div(e, •). Let I G TZn{X) and choose an 
embedding l : H^{X,Z) A in the natural orbit lx provided by Corollary 19.51 Choose a 
generator v £ A of the rank 1 sublattice orthogonal to the image of l. Set e := l{£) and let 

(9.7) LcA 

be the saturation of the rank 2 sublattice spanned by e and v. 

Definition 9.13. Two pairs {Li,ei), i = 1,2, each consisting of a lattice Li and a class 
Cj G Li, are said to be isometric, if there exists an isometry 5 : Li — )• L2, such that 
g{ei) = 62. 

Given a rank 2 lattice L, let In{L) C L be the subset of primitive classes e with (e, e) = 
2 - 2n. 

Lemma 9.14. There exists a natural one-to-one correspondence between the orbit set 
In{L)/0{L) and the set of isometry classes of pairs {L',e'), such that L' is isometric to L 
and e' is a primitive class in L' with (e' , e') = 2 — 2n. 

Proof. Let V{L,n) be the set of isometry classes of pairs {L',e') as above. Define the map 
/ : V{L,n) — In{L) /0{L) as follows. Given a pair {L',e') representing a class in V{L,n), 
choose an isometry g : L' ^ L and set f{L',e') := 0{L)g{e'). The map / is well defined, 
since the orbit 0{L)g{e') is clearly independent of the choice of g. The map / is surjective. 
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since given e G In{L), f{L, e) = 0{L)e. If f{Li, ei) = f{L2, 62), then there exist isometries 
Qi : Li ^ L and an element h G 0{L), such that 52(62) = hgi{ei). Then g2^hgi is an 
isometry from (Li,ei) to {L2,e2)- Hence, the map / is injective. □ 

Let U be the unimodular hyperbohc plane. Let U (2) be the rank 2 lattice with Gram 

matrix ^ ^2 0^ ) ^'^'^ ^ rank 2 lattice with Gram matrix 

Proposition 9.15. i^ [Ma7| . Propositions 1.8 and 6.2) 

(1) // {1,1) = —2 then the Mon'^{X)- orbit of £ is determined by div(£, •). 

(2) Let I e Unix). 

(a) The lattice L, given in \9. 7\ ), is isometric to one of the lattices U, U{2), or D. 

(b) Let f : TZniX) In{U)/0{U) U In{U{2))/0{U{2)) U In{D)/0{D) 
be the function, sending a class I to the isometry class of the pair (L,L{i)). 
Then the values div(.^, •) and f{£) determine the Mon'^{X)- orbit of i. 

The values of the function / can be conveniently enumerated and calculated as follows. 
Set e := G L. Let p be the largest integer, such that {e + v)/p is an integral class of L. 
Let a be the largest integer, such that (e — v) ja is an integral class of L. If div(£, •) = n — 1 
and n is even, set {r, s\(i) = {p, a}. Otherwise, set {r, s}{£) = ^}. The unordered pair 
{r,s} := {r,s}{£) has the following properties. 

Proposition 9.16. (" [MaTj . Lemma 6.4) 

(1) The isometry class of the lattice L and the product rs are determined in terms of 



{£,£), div(^, •), n, and {p,a} by the following table. 





{£,£) 


div(^, •) 


n 


pa 


L 


{r,s} 


r • S 


1) 


2 - 2n 


2n - 2 


> 2 


An -4 


U 


SP £| 
12' 2 J 


n — 1 


2) 


2 - 2n 


n — 1 


even 


n — 1 


D 




n — 1 


3) 


2 - 2n 


n — 1 


odd 


2n-2 


U{2) 


SP £\ 
l2' 2 J 


[n - l)/2 


4) 


2 - 2n 


n — 1 


= 1 modulo 8 


n-1 


D 


SP £\ 
L2' 2 J 


(n - l)/4 



(2) The pair {r, s} consists of relatively prime positive integers. All four rows in the 
above table do occur, and every relatively prime decomposition {r, s} of the integer 
in the rightmost column occurs, for some £ G TZn{X). 

(3) If££ Unix), then div(^,») and {r,s}{£) determine the Mon^{X)-orbit of £. 

9.2.2. Stably prime- exceptional classes of K3^"^ -type. 

Theorem 9.17. ( ]Ma7] . Theorem 1.12). Let k G H^''^{X,R) be a Kdhler class and L a 
monodromy reflective line bundle. Set £ := ci(L). Assume that {k,£) > 0. 

(1) If{£,£) = -2, then L^ is stably prime- exceptional, where 

{2, if dw{£, •) = 2 and n = 2, 
1, if div{£,») = 2 and n>2, 
1 if div(^,.) = l. 

(2) //div(£,») = 2n-2 and {r,s}{i) = {l,n- 1}, then L^ is stably prime- exceptional. 

(3) // div(^,») = 2n — 2 and {r,s}{£) = {2, (n — l)/2}, then L is stably prime- 
exceptional. 

(4) //div(£, •) = n — 1, n is even, and {r,s}{£) = — 1}, then L is stably prime- 
exceptional. 
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(5) //div(£,») = n — 1, n is odd, and {r,s}{i) = {l,{n — l)/2}, then L is stably 
prime-exceptional. 

(6) In all other cases, H^{L^) vanishes, and so is not stably prime- exceptional, for 
every non-zero integer k. 

When X is projective, Proposition 19.121 and Theorem 19.171 determine the set Spe C 
H^'^{X, Z), of stably prime-exceptional classes, and hence also the fundamental exceptional 
chamber J-'£x, by Proposition 16.101 

The proof of Theorem 19.171 has two ingredients. First we deform the pair (X, L) to a 
pair (M, Li), where M is a moduli space of sheaves on a projective K2> surface, and L\ 
is a monodromy-reflective line bundle with the same monodromy invariants. Then L is 
stably prime-exceptional, if and only if Li is, by Proposition 16.61 We then laboriously 
check an example, one for each value of the monodromy invariants n, ^), div(£, •), and 
{r, s}(^), and show that either is induced by a birational map f : M ^ M, such that 
f*{Li) = L^^, or that the linear system \L^\ consists of a single prime exceptional divisor, 
for the power k prescribed by Theorem 19.171 

The two possible values of the degree —2 or 2 — 2n, of a prime exceptional divisor, 
correspond to two types of well known constructions in the theory of moduli spaces of 
sheaves on a K3 surface S. We briefly describe these constructions below. 

Pairs (M, Om(-E')), where M := Mh{v) is a moduli space of if-stable coherent sheaves 
of class V G K{S), and ii^ is a prime exceptional divisor of Beauville-Bogomolov degree —2, 
arise as follows. The Mukai isometry (j9.4p associates to the line bundle Om{E) a class 
e G u^, with (e, e) = —2. In the examples considered in |Ma7| . e is the class of an //-stable 
sheaf F on S. Such a sheaf is necessarily rigid, i.e., Ext^(-F, F) = 0. Indeed, 

dimExt^(F,F) = dimHom(F,F) + dimExt^(F,F) - xiF^^ (^F) = 1 + 1- 2 = 0. 

Furthermore, the moduli space Mnie) is connected, by a theorem of Mukai, and consists 
of the single point {F} (see jMulj ). The prime exceptional divisor E is the Brill-Noether 
locus 



Specific examples are easier to describe using Mukai's notation. Recall Mukai's isomor- 



sending a class v G K{S) to the integral singular cohomology group. Let D : H*{S,'L) — >• 
H*{S,'L) be the automorphism acting by (—1)* on H'^'^{S,Z). The homomorphism (|9.8p is 
an isometry once we endow H*{S, Z) with the pairing 



by the Hirzebruch-Riemann-Roch theorem and the definition of the Mukai pairing in equa- 
tion (|9.2|) . We have ch{v)y/ tds = (r, ci(f),s), where r = rank(w), s = x{v) — f-, and we 
identify H^{S, Z) and H'^{S, Z) with Z, using the classes Poincare-dual to S and to a point. 
Given two classes Vi G K{S), with rank(wj) = r^, ci{vi) = Oi, and Si := x(^j) ~ then 



{V G Mh{v) : dimExt^(F,y) > 0}. 



phism 



(9.8) 
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Example 9.18. Following is a simple example in which a prime exceptional divisor E of 
degree —2 and divisibility div([ii^], •) = 1 is realized as a Brill-Noether locus. Consider a K3 
surface S, containing a smooth rational curve C. Consider the Hilbert scheme M := 5'"] 
as the moduli space of ideal sheaves of length n subschemes. Let E be the torsion sheaf 
C'c(— 1), supported on C as a line bundle of degree —1. Let v £ K{S) be the class of an 
ideal sheaf in S''"^ and e the class of F. The Mukai vector of v is (1, 0, 1 — n), that of e is 
(0, [C],0), and (f,e) = 0. Let E C M he the divisor of ideal sheaves Iz of subscheme Z 
with non-empty intersection Z DC. The space Hom(F, I^) vanishes for all Iz G M, and 
so dimExt^(F,/z) = dimExt2(F, I^), for all Iz G M. Now, Ext'^{E,Iz) = Hom(/z,F)* 
vanishes, if and only if Z n C = 0. Hence, Ext^(F, Iz) 7^ 0, if and only if Iz belongs to E. 
See |Mal[ IY1| for many more examples of prime exceptional divisors E of degree —2 and 
div([£^],») = 1. See |Ma7| . Lemma 10.7 for the case (e, e) = —2, div(e,») = 2, and n = 2 
modulo 4. 

Jun Li constructed a birational morphism from the moduli space of Gieseker-Maruyama 
i?-stable sheaves on a K3 surface to the Uhlenbeck-Yau compactification of the moduli 
space of i?-slope-stable locally- free sheaves [Li]- The examples of prime exceptional divisors 
of degree 2 — 2n on a moduli space of sheaves, provided in [Ma7j . were all constructed as 
exceptional divisors for Jun Li's morphism. 

Example 9.19. The simplest example is the Hilbert-Chow morphism, from the Hilbert 
scheme S^"'\ n > 2, to the symmetric product S^"''^ of a K3 surface S, where the exceptional 
divisor E is the big diagonal. The Mukai vector of the ideal sheaf is v = (1, 0, 1 — n). In this 
case [E] = 26, where 6 = {l,0,n — 1). Note that {6,5) = 2 — 2n. The second cohomology 
of is an orthogonal direct sum H'^{S,'L) by [Belj or by Mukai's isometry (j9.4p . 
Hence, div((5, •) = 2n — 2. The largest integer p dividing 6 + v = (2,0, 0) is 2 and the 
largest integer a dividing 6 — v = {0,0,2n — 2) is 2n — 2. Hence, {r, s}{6) = {1, n — 1}, by 
Proposition 19.161 and Equation ()9.5p . 

Example 9.20. Consider, more generally, the moduli space M/f(r, 0, —s) of /f-stable sheaves 
with Mukai vector v = (r, 0, —s), satisfying s > r > 1 and gcd(r, s) = 1. Then M//(r, 0, —s) 
is of X3["l-type, n = rs + 1. The Mukai vector e := (r, 0, s) G maps to a monodromy- 
reflective class i £ H^{Mh{v),Z) of degree (1,1) = 2 - 2n, divisibility div(^, •) = 2n - 2, 
and {r,s}{i) = {r,s}, by Proposition 19.161 and Equation (j9.5p . When r = 2, ^ is the class 
of the exceptional divisor E of Jun Li's morphism. E is the locus of sheaves, which are 
not locally-free or not iif-slope-stable ( |Ma7| . Lemma 10.16). When r > 2, the exceptional 
locus has co-dimension > 2, and no multiple of the class £ is effective. Instead, the reflection 
Ri is induced by the birational map / : Mnir, 0, —s) — )• Mh{t, 0, — s), sending a locally-free 
i/-slope stable sheaf E of class (r, 0, —s) to the dual sheaf F* ( |Ma7j . Proposition 11.1). 

Remark 9.21. Fix an integer n > 0, such that n — 1 is not a prime power, and consider 
all possible factorizations n — 1 = rs, with s > r > 1 and gcd(r, s) = 1. The sub- 
lattice (r, 0, — s)-*" of the Mukai lattice of a K3 surface S is the orthogonal direct sum 
Z) e Z(r, 0, s). We get the isometry 

9 : H'^{S,Z)®Z{r,0,s) if^ (M//(r, 0, -s), Z) , 

using Mukai's isometry given in equation (|9.4p . Let n— 1 = risi = r2S2 be two different such 
factorizations. Then the two moduli spaces Mniri, 0, —si) and M/f(r2, 0, —S2), considered 
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in Example 19.201 come with a natural Hodge isometry 

g : H^{MH{ri,Q,-si),Z) H\MHir2,0, -82),^), 

which restricts as the identity on the direct summand 6 [H'^{S, Z)) and maps the class ii := 
0(ri,O,si) G F2(M/^(ri,0,-si),Z) to the class £2 ■= 0{r2,0,S2) G H^iMHir2,0, -82),^). 
The Hodge isometry g is not a parallel-transport operator, since the monodromy-invariants 
{r, s}(£j) = {rj,Sj} are distinct. Indeed, these moduli spaces are not birational in general 
( |Ma5] . Proposition 4.10). Furthermore, if n — 1 = rs is such a factorization with r > 2, 
then the birational Kahler cones BICg[„] and 'S/Cj\,/^(^ o,-s) not isometric in general. 
Indeed, S'l"! admits a stably prime-exceptional class, while M//(r, 0, — s) does not, for a K3 
surface with a suitably chosen Picard lattice. 

10. Open problems 

Following is a very brief list of central open problems closely related to this survey. See 
[Be2] for a more complete recent survey of open problems in the subject of irreducible 
holomorphic symplectic manifolds. 

Question 10.1. Let X be one of the known examples of irreducible holomorphic symplectic 
manifolds, i.e., of K3^^^-type, a generalized Kummer variety, or one of the two exceptional 
examples of O'Grady |0'G21 I0'G3| . Let Y be an irreducible holomorphic symplectic 
manifold, with H'^{Y,7j) isometric to H'^{X,'L). Is Y necessarily deformation equivalent to 
XI 

Let A be a lattice isometric to H'^{X,'L). At present it is only known that the number 
of deformation types of irreducible holomorphic symplectic manifolds of a given dimension 
2n, and with second cohomology lattice isometric to A, is finite |Hu4j . The moduli space 
9Ka, of isomorphism classes of marked pairs (X, r/), with X of dimension 2n and r] : 
H^{X, Z) — )• A an isometry, has finitely many connected components, by Huybrechts' result 
and Lemma [731 O'Grady has made substantial progress towards the proof of uniqueness 
of the deformation type in case the dimension is 4 and the lattice A is of K3^^^-type |0'G6] . 

Problem 10.2. Let X be an irreducible holomorphic symplectic manifold of K 3^^^ -type, 
n > 2. Determine the Kdhler-type chamber (Definition \ 5.10\) in the fundamental excep- 
tional chamber TEx of X, containing a given very general class a £ TEx, in terms of the 
weight 2 integral Hodge structure H'^{X,X), the Beauville-Bogomolov pairing, and the orbit 
ix of isometric embeddings of H'^{X,Z) in the Mukai lattice, given in Corollary \9.5[ 

Note that the data specified in Problem 110.21 determines the isomorphism class of an 
irreducible holomorphic symplectic manifold Y, bimeromorphic to X, and an Aut(X) x 
Aut(y)-orbiiB of a bimeromorphic map f : Y ^ X, such that /*(«) is a Kahler class on 
Y, by Corollaries 15.71 and 19.91 The homomorphism /* takes the Kahler-type chamber in 
Problem 110.21 to /Cy. Hassett and Tschinkel formulated a precise conjectural solution to 
problem 110.21 |HT4] . The Kahler cone, according to their conjecture, does not depend on 
the orbit lx- The birational Kahler cone does, as we saw in Remark 19.211 

Problem 10.3. Find an explicit necessary and sufficient condition for a Hodge isometry 
g : H'^{X,Z) — )• H'^{Y,'L) to he a parallel-transport operator, in the case X and Y are 



'The orbit of / is the set {gi/pj ^ : 5i £ Aut(X), 32 £ Aut(y)}. 
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deformation equivalent to generalized Kummer varieties, or to O' Grady's two exceptional 
examples. 

Problem 10.4. Let X he deformation equivalent to a generalized Kummer variety, or 
to one of O 'Grady's two exceptional examples. Find an explicit necessary and sufficient 
condition for a class £ € H^'^{X,7j) to be stably prime- exceptional (Definition \6.4^ . 

Problem 110.41 is solved in the K3^"'^-type case (Proposition 19.12] and Theorem I9.17p . A 
solution to problem 110.41 yields a determination of the fundamental exceptional chamber 
J-£x, by Proposition 11.81 and of the closure of the birational Kahler cone, by Proposition 
15.61 Once solutions to Problems 110.31 and 110.41 are provided, the analogue of Problem 110.21 
may be formulated as well. 

Question 10.5. Is the monodromy group Mon'^{X), of an irreducible holomorphic symplec- 
tic manifold X, necessarily a normal subgroup of the isometry group of H'^{X,Z,)'! 

Let X be deformation equivalent to a generalized Kummer variety of dimension 2n, 
n > 2. Then H'^{X,Z) is isometric to the lattice A := U B U ® U ® Z6, where U is the 
unimodular rank 2 lattice of signature (1, 1), and (6,6) = —2 — 2n (see [Bell lY2] ). Given 
a class u G H'^{X,Z) with {u,u) = 2, set pu = —Ru- If [u^u) = —2, set p„ := Ru^ as in 
equaton (jO.ip . 

Conjecture 10.6. Mon^{X) is equal to the subgroup M{X) of the signed isometry group 
0^[H'^{X,'L)\, generated by products Pm ■ ■ ■ Pu^j where {ui,Ui) = —2, for an even number 
of indices i, and {ui,Ui) = 2 for the rest of the indices i. 

The inclusion 7V(A) C Mon^{X) was proven by the author in an unpublished work. 
When n = 2, the equality 7V(A) = Mon^{X) follows from the Global Torelh Theorem O 
and Namikawa's counter example to the naive Hodge theoretic Torelli statement |Nam2j . 
If H^'^{X,Z) is cyclic, generated by a class u with {u,u) = 2, then p^ is induced by a 
regular anti-symplectic involution / : X — )■ X, by the inclusion M{X) C Mon^(A), the 
Hodge theoretic Torelli Theorem 11.31 and the equality of the Kahler and positive cones 
of X (Theorem 12.21 part [5]). The analogous statement in the XSl"'! case is treated in 

Let X be an irreducible holomorphic symplectic manifold deformation equivalent to 
O'Grady's 10-dimensional exceptional example |0'G2j . Then i?^(X, Z) is isometric to the 
orthogonal direct sum of H^{S,7j) © G2, where 5 is a K3 surface, and G2 is the negative 

/ -2 3 \ 

definite root lattice of type G2, with Gram matrix ( ^ g 1 (see [R]). The isometry 

group 0(^2) is equal to the Weyl group of G2 and its extension to H^{X, Z), via the trivial 
action on ff^(5, Z), is contained in Mon^(A), by ( [Ma6j . Lemma 5.1). 

Conjecture 10.7. Mon^{X) = 0+ [H'^ {X , Z)] . 

There are many examples of non-isomorphic K3 surfaces with equivalent bounded de- 
rived categories of coherent sheaves [Or] . 

Question 10.8. Let X and Y be projective irreducible holomorphic symplectic manifolds, 
such that H'^{X,Z) and H'^{Y,Z) are Hodge isometric. Are their bounded derived cate- 
gories of coherent sheaves necessarily equivalent? 
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When X = S[ and ¥ = 82, where Si and S2 are K3 surfaces, the answer to Question 
110.81 is affirmative (see the proof of [PI], Proposition 10). See |Hu5j for a survey on the 
topic of question 110.81 

Recall that a class £ G H^'^{X,Z) is monodromy-reflective, if it is a primitive class, and 
the reflection Ri is a monodromy operator (Definition 19. lip . 

Question 10.9. Let I G H^'^{X,X) be a monodromy-reflective class. Is there always some 
non-zero integer A, such that the class A(^, •) G H'^{X,X)* = H2{X,'L) corresponds to an 
effective one-cycle? 

An affirmative answer to the above question implies that the reflection can not be 
induced by a regular automorphisrcF^ of X. It follows that the Kahler cone is contained in a 
unique chamber of the subgroup of Mon^j^ iX) generated by all reflections in Mon^j^ (X) 



(see Theorem 16. ISp . 



Problem 10.10. Prove an analogue of Proposition [FTFl about birational contractibility of a 
prime exceptional divisor, for non-projective irreducible holomorphic symplectic manifolds. 

Druel's proof of Proposition 16.11 relies on results in the minimal model program, which 
are currently not available in the Kahler category [Drj. 

Question 10.11. Let X be a projective irreducible holomorphic symplectic manifold. Is 
the semi-group S, of effective divisor classes on X, equal to the semi- group S' generated 
by the prime exceptional classes and integral points on the closure BKx of the birational 
Kahler cone in i?i'i(X,]R)? 

The answer is affirmative for any ETS surface, even without the projectivity assumption 
( |BHP Vj . Ch. IIIV, Proposition 3.7). Stronger results hold true for projective ii'S surfaces 
[Kovj . The inclusion S C S' is known in general, by the divisorial Zariski decomposition 
(Theorem 15. 8p . The integral points of Cx H BlCx are known to be contained in S. This is 
seen as follows. The integral points of the positive cone are known to correspond to big line 
bundles, by ([Hul], Corollary 3.10). Each integral point of Cx CiBlCx thus coresponds to a 
big and nef line bundle L on some birational irreducible holomorphic symplectic manifold 
Y, by Theorems 15.41 and 16.171 and so the cohomology groups H'^(Y,L) vanish, for i > 0, 
by the Kawamata-Viehweg vanishing theorem. Set i := ci(L). If X is of i^3["l-type or 
deformation equivalent to a generalized Kummer variety, then an explicit formula is known 
for the Euler characteristic xil^) of a line bundle L, in terms of its Beauville-Bogomolov 
degree ( }Hu3j . Examples 7 and 8). One sees, in particular, that x(-^) > 0) if (^)^) ^ 0; 
and so L is effective. 

An affirmative answer to Question 110.111 would thus follow, if one could prove that 
nef line bundles with = are effective. Some experts conjectured that such line 

bundles are related to Lagrangian fibrations ( [Markuj . Conjecture 1.7; [Saw], Conjecture 1, 
[VerSj . Conjecture 1.7). We refer the reader also to the important work of Matsushita on 
Lagrangian fibrations [Mat 11 IMat2j and to the survey ( |Be2j . section 1.6). 

"'^^A weaker version of this assertion, namely the non-existence of a fixed-point free such automorphism 
g, is always true. Indeed, if g* = Re, and g is a. fixed-point-free (necessarily symplectic) automorphism, 
then g^ acts trivially on H^{X,'Z). Hence, g^ is an isometry with respect to a Kahler metric. It follows 
that g has finite order, since it generates a discrete subgroup of the compact isometry group. Thus, X/ (g) 
is a non simply connected holomorphic symplectic Kahler manifold, with /i*''°(X) = 1, for even k in the 
range < fc < dimc(X), and h''''\X) — 0, otherwise. Such X does not exist, by [HN) . Proposition A.l. 
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Question 10.12. Which components, of the moduh spaces of polarized projective irreducible 
holomorphic symplectic manifolds, are unirational? Which are of general type? 

Gritsenko, Hulek, and Sankaran had studied this question for fourfolds X of KS^'^^-type, 
and for primitive polarizations h G Z), with div(/i, •) = 2. Let {h,h) = 2d. They 

show that for d > 12, the moduli space is of general type ( [GHSlj . Theorem 4.1). They use 
the theory of modular forms to show that the quotient of the period domain , given in 
equation ()4.ip . by the polarized monodromy group Moin?{X,h), is of general type. 

On the other hand, unirational components are those likely to admit explicit and very 
beautiful geometric descriptions [BDl IDVl URI lMu2l lO^j . 
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